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Most reinforced concrete (RC) structures are continuous in some way, and many of these 
structures are strengthened using fibre-reinforced polymer (FRP) materials as a routine 
basis. The problem of how to exploit moment redistribution in FRP-strengthened continuous 
RC structures is still unresolved. Reduction in ductility has been recognised in such 
structures. However, FRP-strengthening is introduced as an effective method to enhance 
the strength and load bearing capacity of RC structures. As a result, design guidelines 
worldwide employ conservative guidance for design, such that they limit the potential 
exploitation of moment redistribution in FRP-strengthened members.  
To date, limited research has been conducted into the redistribution of bending moment in 
such structures. Previous theoretical studies have not yet led to a reliable and rigorous 
solution for quantifying moment redistribution throughout the loading cycle. In addition, a 
wide scatter of moment redistribution percentage findings, from zero to 56%, has been 
reported in previous experimental studies. This demonstrates the need for further research 
to effectively characterise the circumstances under which moment redistribution can be 
relied on, both into and out of FRP-strengthened zones in continuous RC flexural members. 
This research aims to encourage the use of FRP for strengthening existing RC structures 
in a more efficient manner. The findings help to better understand restrictions on moment 
redistribution into and out of FRP-strengthened zones, effect of mechanical anchorage of 
the FRP on the degree of moment redistribution, and the extent to which moment 
redistribution can be relied on.  
A new analytical model, only based on structural mechanics, is developed in this research. 
A comprehensive set of large-scale structural testing is undertaken to validate the analytical 
model under various strengthening circumstances. The analytical and experimental results 
show that moment redistribution can occur into FRP-strengthened zones to full capacity 
without any limitation, even if the FRP is unanchored. Further, bending moment can also 
be redistributed out of strengthened zones to a considerable extent (up to 20%), depending 
on the quantity and stiffness of the FRP, and provided that the FRP is fully anchored.  
A set of parametric studies is conducted to investigate the effectiveness of different 
parameters on the level of moment redistribution. The major parameters include 
compressive strength of concrete, steel reinforcement proportion, steel yield strength, FRP 
quantity and stiffness, ultimate strain of the FRP, strengthening configuration, load position, 
beam shape, and curvature ductility. The outcomes demonstrate that it is not only the 
curvature ductility of FRP-strengthened sections that is important to the capacity for 
moment redistribution (out of such zones), but also the mode of failure, strength of the other 
critical zones, the ratio of stiffness between the critical zones, and the loading arrangement.  
It is concluded that moment redistribution in continuous FRP-strengthened concrete 
structures should be permitted both into and out of strengthened zones, provided that the 







Extending the lifetime of existing reinforced concrete (RC) structures, specifically highway 
and building infrastructures, is essential to ensure a prosperous economy and a more 
sustainable future. Repair and refurbishment usually cover about half of all construction 
activities. Thus, it is necessary to implement efficient technological innovations in repair and 
strengthening. The demand for retrofitting existing RC structures is increasing not only 
because of aging infrastructure, but also because of increased loading requirements. In 
fact, retrofitting is often required due to structural deterioration, inadequate design, changes 
in use, poor construction, lack of adequate strength, or change in design codes. Thus, it is 
vital to develop economical and effective strengthening methods for concrete structures.  
Fibre reinforced polymer (FRP) composites have been developed and used for several 
decades as efficient materials for strengthening or reinforcing of RC structures against 
shear and flexural collapse. FRP is corrosionless, light and durable. However, the resin 
might degrade over time. It has a high strength-to-weight ratio and its application and 
installation are very simple. FRP can significantly increase or restore the strength capacity 
of an existing RC structure. FRP materials are of various type and, up to now, externally-
bonded carbon FRP has been the most common strengthening technique worldwide. 
Typical applications of FRP usually include flexural strengthening or reinforcement, shear 
strengthening, and axial strengthening.  
 
1.2 Motivation and research significance 
Due to potential advantages, the demand for FRP-strengthening of RC structures is rapidly 
increasing. However, understanding of the structural behaviour of FRP-strengthened RC 
structures has not developed as rapidly as the growth in FRP applications. There are 
currently significant gaps in the knowledge of FRP strengthening, especially in cases of 
typical large bridge or building structures or when practical retrofitting configurations are 
considered. In particular, three major issues have been observed and recognised in FRP 
strengthening of RC members which highlight the significance, and indicate the necessity 
of the current research. 
1) The majority of RC structures are statically indeterminate in reality, since they are 
predominantly continuous in some way. However, most of the research carried out 
worldwide on RC members in laboratories concentrates merely on statically 
determinate RC structures. Thus, continuous RC members which are strengthened in 
reality using FRP are not represented well by simply-supported specimens tested in 
laboratories which cannot redistribute bending moments. 




2) The real distribution of bending moments is not known precisely in existing statically 
indeterminate RC structures, even if the loading is known perfectly. This is due to the 
possibility of temporary or permanent movements within the concrete structure which 
causes bending moments to be redistributed in unpredictable ways. When RC 
structures are strengthened using FRP, it is presumed that the build-up of bending 
moment is known rather precisely in such structures. This presumption indeed relies on 
validity of the Lower-Bound Theorem of Plasticity. However, it is known that this 
theorem is only reliable if the structure is sufficiently ductile. FRP is a linear elastic 
material which, as shown by several tests in the literature, can debond prematurely and 
suddenly at a low applied load, such that the original ductility of a concrete member is 
reduced if the member is flexurally strengthened with FRP.  
National design standards have explicitly restricted (or hindered) the exploitation of 
moment redistribution in FRP-strengthened RC members due to lack of ductility. The 
major question is that if redistribution of bending moment is not allowed in FRP 
strengthened RC structures due to the elastic nature and brittle failure, how can the 
lower-bound theorem be relied on implicitly when the current and future bending 
moments will be known in concrete members? Therefore, moment redistribution must 
be examined and understood properly in FRP strengthened RC structures, to be relied 
on explicitly.  
3) If a continuous concrete structure has been designed with moment redistribution 
consideration, any moment redistribution must be ignored, according to the current 
design recommendations, when this structure is to be strengthened using FRP. This 
means that the original maximum elastic bending moments must be considered now as 
the baseline position. However, these original elastic peaks of bending moment will 
have been reduced significantly under consideration of moment redistribution. If now 
the redistribution of bending moment is ignored, and the original elastic bending 
moment distribution is reverted back to the design, significant additional bending 
moment must be resisted at critical sections by the FRP. This occurs realistically even 
before any additional loading is applied to the strengthened system. However, this is 
the reason for which FRP strengthening is usually required. Hence, if moment 
redistribution can be relied on in FRP-strengthened RC structures, a cost-effective 
strengthening design can be provided. The converse is also true. 
Previous research on the conditions in which moment redistribution can be permitted in 
FRP-strengthened RC structures is extremely limited in the literature. However, two 
research works (El-Refaie et al., 2003; Oehlers et al., 2004) have shown that a certain level 
of moment redistribution is feasible. But, further research is required to investigate this 
adequately. National standards, such as ACI440-2R, TR55 and fib task group 9.3 have 
established a good basis for using FRP systems, but these design recommendations are 
based upon the results of some specific studies which only contain few possible parameters 
and interactions.  
This study tries to answer the major research questions of “how to quantify moment 
redistribution in FRP-strengthened RC flexural members accurately?”, “under which 
circumstances moment redistribution can be relied on in such members?”, and “how much 
is the capacity of such members for moment redistribution under different conditions?”.  





This research primarily aims to further enhance the knowledge of how to use FRP materials 
more efficiently for strengthening of existing RC structures. This can occur through 
providing reliable information and evidence of how statically indeterminate RC structures 
really behave under flexure after FRP strengthening. The fundamental hypothesis in the 
current research is that moment redistribution in FRP-strengthened RC structures must be 
investigated and understood thoroughly if the lifetimes of such structures are to be extended 
safely and adequately in an efficient manner. This research, in particular, aims to: 
1) Understand the conditions under which, and also the extent to which, moment 
redistribution can be relied on in FRP-strengthened RC structures; 
2) Understand restrictions on redistribution of bending moments out of and into FRP-
strengthened zones in such structures; 
3) Investigate the effect of additional FRP anchorage systems on the degree of moment 
redistribution out of and into FRP-strengthened zones in such structures; 
4) Provide a robust analytical tool for quantification of moment redistribution in such 
structures which simply and logically follows structural mechanics rather than relying on 
excessively complicated predictions for rotation capacity; 
5) Exploit this new analytical model in a parametric study such that simplified design 





In order to achieve the research objectives described in the previous section, a thorough 
research program was planned which covered three major work packages.  
 
Work package 1: Analytical modelling 
Previous research (Ibell and Silva, 2004) has shown that a certain level of curvature ductility 
(and rotation capacity) is required to ensure that bending moment can redistribute within a 
certain range in FRP-strengthened RC beams. The difficulty is that the determination of this 
requirement is not simple such that a set of complicated assumptions should be made. 
Therefore, a fundamental approach is required to allow moment redistribution to be tracked 
simply, based on structural mechanics and without any need for empirical limits on 
curvature ductility or rotation capacity. Accordingly, a new analytical model was developed 
in this research. This analytical model has allowed moment redistribution to be quantified 
at every stage of loading from the beginning to failure at required locations. The new model 
is able to track moment redistribution for any beam geometry, load arrangement and 
strengthening configuration. 




Work package 2: Experimental verification 
A set of experiments was designed and carried out to verify the new analytical model. The 
main aims were to validate that the moment redistribution predicted analytically can actually 
occur out of and into FRP strengthened zones, and also to demonstrate and quantify the 
effect that anchoring of the FRP might have on the degree of moment redistribution. Seven 
tests were carried out on shallow one-way spanning continuous slab specimens. A further 
12 tests were undertaken on relatively realistic-scale two-span continuous RC T-beams.  
The experimental results were intended to validate and calibrate the new analytical model 
such that a reliable prediction for the full flexural behaviour of the strengthened specimens 
was obtained. In addition, the new model has been able to predict accurately the effect of 
FRP anchorage on moment redistribution. An asymmetric loading arrangement was 
adopted for the testing to better control and investigate moment redistribution, and to 
ensure that the analytical model can be adapted to any real loading condition. The three 
most common types of FRP strengthening systems in practice were adopted for the 
experimental program, namely CFRP externally-bonded plate, CFRP externally-bonded 
sheet, and near surface mounted (NSM) CFRP tapes which were inserted into the concrete 
substrate. In addition, two different FRP anchorage systems were used in the experiments. 
The CFRP plates were anchored using U-wraps (installed at an inclination of 450), and the 
CFRP sheets were anchored using fan anchors.  
 
Work package 3: Parametric modelling and design recommendations 
To provide a set of reliable design recommendations concerning moment redistribution 
consideration when designing a strengthening system for existing RC structures, a set of 
parametric studies was undertaken using the verified analytical model.  
 
 
1.5 Outline  
This dissertation consists of eleven chapters which cover analytical modelling, experimental 
verification and parametric studies. A state-of-the-art review of the literature in the field of 
moment redistribution is presented in Chapter 2, which includes coverage of current 
analytical approaches and design guidelines. The new analytical model is described 
thoroughly in Chapter 3, and a preliminary verification of the model is provided in this 
chapter using existing experimental data from the literature.  
Chapter 4 describes the design approach and also the characteristics and details of the test 
specimens in this research. The experimental program is then explained in Chapter 5, which 
includes material properties, construction of the specimens, test preparation, FRP 
strengthening, anchoring the FRP and test rig set-up.  
A detailed description of the experimental results is presented in the following two chapters. 
Chapter 6 provides the test results and observations related to slab specimens. These 
include the flexural behaviour of the slabs during testing, modes of failure, cracking pattern, 




structural softening, and the degree of moment redistribution which occurred experimentally 
into and out of the FRP strengthened zones. A similar description of the test results and 
observation to that of the slabs is provided for T-beam specimens in Chapter 7.  
Chapters 8 and 9 contain comparisons between experimental data and analytical results 
(predicted using the new analytical model) for the slabs and T-beams respectively. 
Correlation between the two sets of data is examined for each of the test specimens, and 
a thorough discussion is made about prediction of the maximum possible moment 
redistribution which can occur in each case. 
A set of parametric studies is carried out in Chapter 10. Several variables are examined 
and their effects on the degree of moment redistribution in FRP strengthened RC structures 
are investigated. In addition, recommendations are provided for the exploitation of moment 
redistribution in the design of FRP strengthening systems for existing RC structures. Finally, 








The implications of ductility and moment redistribution in reinforced concrete structures are 
described in the first section of this chapter. The importance of these two concepts in design 
of indeterminate structural members is also stated. A brief description of the various types 
and characteristics of FRP composite materials is provided in the next section. Then, the 
reasons and techniques for FRP strengthening are briefly explained. A thorough review of 
the literature is undertaken in the later sections on various failure mechanisms in flexural 
members strengthened using FRP, and also on the influence of those failure mechanisms 
on the level of ductility and moment redistribution. A large number of experimental and 
analytical studies have been reviewed for this purpose. The review shows the reduction of 
ductility and, in turn, moment redistribution after the application of FRP, although a 
significant degree of moment redistribution has been reported in some cases. Current 
requirements for adequate ductility and recommendations for moment redistribution in 
design of FRP-strengthened RC beams are reviewed in the next section. In the final part, 
the current methods and actual effects of anchoring the FRP are described through a review 
of the previous studied on the application of mechanical anchorage systems in externally-
bonded FRP-strengthened RC members. 
 
 
2.2 Ductility and moment redistribution: implications and importance 
 
2.2.1 Ductility  
Ductility is usually defined as the ability of a structural material or member (or part of a 
structural member) to deform adequately under loading, or to withstand large plastic 
deformation without or prior to collapse. A lack of ductility causes a structure to be brittle 
and to behave elastically which is not desirable since the failure will be catastrophic. Design 
codes often determine minimum requirements for ductility to ensure that the structural 
design is sufficiently safe (fib Bulletin 14, 2001). As Beeby (1997) described, ductility is 
generally required for some major structural reasons. These include to provide ‘robustness’, 
to warn occupants of possible failure by large deformations and wide cracks prior to failure, 
to dissipate and absorb the energy of earthquake or extreme loads in seismic regions 
without failure, and to enable a structure to redistribute extra bending moments from a 
critical zone (which is highly stressed and less stiff) to other stiffer zones automatically.  
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A distinction should be drawn between different types of ductility. Cohn and Ghosh (1973) 
described two major types of ductility which are ‘sectional ductility’ and ‘material ductility’. 
Sectional ductility is often signified by the Moment-Curvature relationship (and regarded as 
the rotation capacity) of a concrete section and material ductility is usually characterised by 
the Stress-Strain relationship of a material. As Cohn and Ghosh (1973) defined, sectional 
ductility in a reinforced concrete section is the ratio of the ultimate curvature (φu) of this 
section to the curvature at reinforcement yielding (φy). Shown in Figure 2.1 are typical 
ductile and non-ductile concrete sections. They also noted that changing a characteristic in 
a material may have different effects on these two types of ductility. For example, increasing 
the compressive strength of concrete can increase the sectional ductility of a reinforced 
concrete flexural member, while it may reduce the material ductility of the concrete itself. 
Also, Oehlers and Seracino (2004) defined another type of ductility, called ‘Beam ductility’, 
which relates to the non-linear deflections of a concrete beam. This is found by integration 
of the curvature along the beam, and indicates the ability of the beam to absorb energy. It 
is to be noted that sectional ductility and beam ductility are mainly considered in this 
research. 
 
Figure 2.1: Sectional (or curvature) ductility in a reinforced concrete section 
Ductility is as important as strength in design. In fact, the flexural strength of a structure is 
often addressed directly in structural reinforced concrete design, and the required ductility 
is provided indirectly by choosing under-reinforced sections, or by limiting the depth to the 
neutral axis to a specific amount.  
 
 
2.2.2 Moment redistribution 
One of the most important applications of sectional (or beam) ductility in a reinforced 
concrete (RC) beam is possibly the ability of the beam to redistribute bending moments. 
Moment redistribution is defined here through a simple example (Tajaddini et al., 2013). As 
depicted in Figure 2.2, a typical statically indeterminate two-span RC beam is considered. 
One single point load is applied at each mid-span symmetrically. For convenience, it is 
assumed that the original flexural stiffness is constant along the beam by using a similar 
longitudinal steel reinforcement in the top to that of the bottom of the beam throughout. 
Thus, the Moment-Curvature relationship is constant, and is considered to be elastic 
perfectly plastic (as shown in Figure 2.1) with an elastic flexural stiffness of EI. Steel yield 
occurs when the section reaches its moment capacity of Mu at a curvature of φy, and failure 
occurs at an ultimate curvature of φu.  




Figure 2.2: A typical indeterminate concrete beam and the concept of moment redistribution 
The flexural stiffness is constant along the beam as long as the actions are in elastic range, 
and as a result, the ratio of the hogging-zone bending moment (Mhog-elas) to the sagging-
zone bending moment (Msag-elas) is 1.20, according to basic ‘Elastic Theory’. This is due to 
the symmetry of the beam and due to the loading arrangement adopted. 
𝑀ℎ𝑜𝑔−𝑒𝑙𝑎𝑠
𝑀𝑠𝑎𝑔−𝑒𝑙𝑎𝑠
= 1.20                                                              Eq 2.1 
There is no redistribution of bending moments as long as this ratio exists, i.e. as long as 
the entire beam remains elastic. As the load increases, the hogging-zone steel 
reinforcement (over the interior support) will reach its yield point before any other sections 
along the beam. At this time, the hogging-zone bending moment (Mhog-capacity) is Mu, and the 






                                                              Eq 2.2 
If the load is further increased, the hogging-zone bending moment (at the interior support) 
remains constant at its moment capacity (Mu), whereas the sagging-zone bending moment 
will increase until it reaches its ultimate moment capacity (Mu) too. The curvature ductility 
of the hogging zone is the sole factor which allows the bending moment to be increased in 
the sagging zone. The curvature in the hogging zone should increase to allow the bending 
moment in the sagging zone to reach its ultimate strength, provided that the hogging zone 
curvature remains below the ultimate curvature (φu). As can be seen, the ratio of the 
hogging-zone bending moment to the sagging-zone bending moment reaches a value of 
1.0 at the ultimate state, when both the sagging and hogging zones are behaving plastically 
(not elastically) after steel yield. In this example, bending moment is redistributed out of the 
hogging zone, into the sagging zone, and the curvature ductility of the hogging zone 
specifies the level of moment redistribution which can occur in the beam. 
Moment redistribution has been recognised as a helpful tool in practical design. As noted 
by Mattock (1958), and by Scott and Whittle (2005), this allows designers to reduce the 
amount of reinforcement in congested regions of a structure (for example, beam-column 
connections) by transferring bending moments from these regions to the regions which are 
less congested (e.g. mid-spans). This allows for better compaction of concrete, and enables 
engineers to simplify reinforcement detailing, or to use standard detailing layouts without 
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being concerned about what the actual distribution of bending moment is. In addition, if the 
ratio of live load to dead load is relatively high in a beam or if different load combinations 
are to be applied, moment redistribution allows a smaller cross sectional area to be 
designed along the beam (or at least in the critical sections), since the maximum bending 
moment can be reduced. Overall, application of moment redistribution will result in more 
efficient and economical structures. 
To achieve adequate moment redistribution in conventional RC beams, national standards 
impose some requirements in design to ensure that tension reinforcement is sufficiently 
yielded prior to ultimate failure of the section through concrete crushing. For example, ACI 
318 (2002) has imposed a minimum strain of 0.0075 (0.75%) for steel reinforcement. 
According to this design code, the allowable level of moment redistribution is 1000εt (%), 
where εt is the strain in the tension steel reinforcement, but up to a maximum percentage 
of 20%.  
7.5% ≤ Moment redistribution=1000εt (%) ≤ 20%                        Eq 2.3 
Most design codes (BS 8110-1:1997; German Institute of Standardisation, 1997: Australian 
Standard (AS 3600), 2009; CSA A23.3-04; EN 1992-1-1: Eurocode 2) specify a maximum 
(and sometimes a minimum) limit on neutral axis depth as a simple solution in basic design. 
Nonetheless, this relies on a basis which appears to be fully empirical. As shown in Figure 
2.3, this is based on ‘neutral axis depth factor’ (Ku) which is the ratio of the neutral axis 
depth (dna) to the effective depth to the tension reinforcement (d).  
 
Figure 2.3: Distribution of stress and strain in a concrete section 
As Oehlers and Seracino (2004) summarise, the allowable range of moment redistribution 
in various standards is from zero to 30% for different values of Ku. As illustrated in Figure 
2.4, the lower the Ku value, the higher the level of moment redistribution (up to 30%). In 
addition, it should be mentioned that in some codes, a minimum requirement for Ku value 
is also applied in order to impose an upper limit on the strain in tension steel to avoid 
reinforcement fracture. For example, this minimum value is 0.11 in BS 8110. Although it 
has been widely discussed that steel reinforcement is able to develop sufficient strain 
required in practical design, and concrete sections always fail by concrete crushing in 
compression. Eligehausen and Langer (1987) have challenged this view and demonstrated 
that reinforcement strain must be controlled and restricted for the ultimate condition if the 
concrete member is very lightly reinforced (such as that in concrete slabs). Moreover, 
Mattock (1958) pointed out that unlimited redistribution of bending moments may cause 
steel reinforcement to be highly stressed at critical sections (even under serviceability 
conditions), which in turn will result in excessive deflections and unpleasant cracking. For 
these reasons, all codes worldwide have limited moment redistribution to a specific level. 




Figure 2.4: Allowable moment redistribution in design codes (Oehlers and Seracino, 2004) 
Quantifying moment redistribution in RC members is extremely difficult and complicated 
due to the complexity of measuring the rotation capacity of a plastic hinge from which 
bending moment is redistributed, as noted in the literature as far back as 50 years ago 
(Barnard, 1964; Barnard and Johnson, 1965; Wood, 1968; Yoon et al., 2008; Bagge et al., 
2014; Lou et al., 2015a and 2015b). Lots of attempts have been made (Baker, 1956; 
Sawyer, 1964; Mattock, 1965, 1967; Corley, 1966; Priestley and Park, 1987; Do Carmo and 
Lopes, 2008; Lou et al., 2014; Visintin and Oehlers, 2014) to find plastic hinge lengths 
empirically to ensure a safe design. Although these empirical solutions have assisted in 
quantifying rotation capacity, they should be used with care when required out of the 
relevant scope (Panagiotakos and Fardis, 2001), since they are not based on verified and 
precise structural mechanics models. Liu et al. (2006) provided a mathematical solution for 
the approximate calculation of hinge length which shows a good agreement with 
experimental results. However, they found some weaknesses (such as the lack of ability to 
quantify deflections and crack widening and, to allow for the formation of concrete wedges 
at compression failure) in their proposal method since the approach only depends on the 
variation of flexural stiffness. 
The influence of several variables on the relationship of moment and curvature in RC beams 
was investigated by Mattock (1965) to quantify the total rotational capacity of the hinge 
region adjacent to a support. Thirty seven beams were tested and the major variables were 
concrete strength, depth of beam, distance from the point of maximum bending moment to 
the point of zero bending moment, and the amount and yield strength of steel reinforcement. 
The results indicated that the depth to the neutral axis influences on the rotation capacity 
inversely, and the maximum concrete compressive strain affects the capacity directly. He 
found that the spread of the hinging region (which allows for moment redistribution) 
depends on the geometry and constitutive material properties.  
Corley (1966) tested forty beams to further examine the rotation capacity of RC beams. 
Although the effects of moment gradient, quantity of tension reinforcement and size of the 
loaded area were investigated, the main variables included size of specimens (full-scale 
beams instead of small-scale beams) and confinement of the concrete in the compression 
zone. The results demonstrated that confinement improves ductility and rotation capacity. 
In addition, any concrete ultimate strain of greater than 0.003 (at a section of maximum 
moment) will result in a greater ultimate curvature and plastic rotation in the hinging region. 
Moreover, size of specimen does not play any important role in failure strain of concrete or 
rotation capacity of a hinge region. 
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Later, more investigations were carried out on the parameters influencing the ductility of 
RC members (Priestley and Park, 1987; Panagiotakos and Fardis, 2001; Do Carmo and 
Lopes, 2005; Oehlers et al., 2013; Visintin and Oehlers, 2014). Cohn (1979) demonstrated 
that the rotation capacity of a plastic hinge is the major factor which affects moment 
redistribution, and this parameter itself is dependent on various factors such as constitutive 
material properties, shear effects, member geometry (beam size, beam shape and 
reinforcement detailing), and loading arrangement.  
As noted earlier, the majority of studies in this field are based on empirical observations 
from inadequate experimental investigations, and the scatter of results and design 
recommendations, as shown in Figure 2.4, for moment redistribution originates from these 
studies. To overcome this problem, Haskett et al. (2008) have used a different approach, 
based on rigid body displacement, and demonstrated that the level of moment redistribution 
in a concrete beam depends on the load distribution (arrangement) and the beam 
characteristics between the critical zones. Oehlers et al. (2009; and 2010) have used 
structural mechanics to find a mathematical model for moment redistribution.  This model 
is based on the moment rotation capacity of a hinge which exists around flexural cracks 
(Figure 2.5). By conducting a parametric study, they have shown that the capacity for 
moment redistribution increases when reinforcement diameter and ultimate strain is 
increased, and also when the concrete is confined to a greater extent, whereas the capacity 
reduces when the bond strength between steel reinforcement and concrete increases. 
Although their methods can measure moment redistribution at failure, such methods are 
very onerous as they are based on fracture mechanics. They cannot show the level of 
moment redistribution at any applied load, except for the failure. In addition, they cannot 
indicate what the situation in the sagging (for example) is when the hogging zone fails. 
 
Figure 2.5: Rotation of a concrete wedge at compression failure (Oehlers et al., 2009) 
 
2.3 FRP materials: types and properties 
The application of fibre-reinforced polymer (FRP) composite materials in the construction 
industry has developed rapidly in the last 20-30 years. FRPs are used in different situations 
and for various purposes, such as in aggressive environments and for structural members.  
It is made of high-performance fibres placed within an appropriate resin matrix. The most 
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common types of fibres used are carbon, glass and aramid (and basalt recently). A large 
range of material properties may be found for each of these fibre types in the literature and 
standard textbooks (Hull and Clyne, 1996; Matthews et al., 1994; Bank, 2006; TR55, 2012).  
Carbon FRP, in particular, is widely used today in different aspects of (structural) 
engineering applications across the world, and is produced by different manufacturers. 
Therefore, the properties of carbon fibres may vary widely, even for similar grades. Listed 
in Table 2.1 are typical values for the properties of carbon fibres. These values only show 
the typical properties for the plain fibres, not for the resulting composites. 
Table 2.1: Typical properties (of common grades) of plain carbon fibres (Bank, 2006) 










Standard 1.7 250 3700 1.2 
High strength 1.8 250 4800 1.4 
High modulus 1.9 500 3000 0.5 
Ultrahigh modulus 2.1 800 2400 0.2 
 
Carbon fibres are very durable and highly resistant to heat, moisture, chemicals and fatigue. 
The coefficient of thermal expansion is very low but, they have high thermal and electrical 
conductivity which affects their performance when used in contact with metallic substances 
(Bank, 2006). For strengthening, carbon fibres are manufactured and used in various 
shapes including sheet, fabric, bar, strip (tape), tendon and plate. Carbon sheets are usually 
made in a unidirectional arrangement and carbon fabrics may be formed in biaxial and 
triaxial arrangements (TR55, 2012). There are two major manufacturing techniques to 
produce FRP materials for application in civil engineering: Pultrusion and Wet lay-up. In the 
pultrusion method, the FRP material is produced first, and then transferred to the 
construction site for installation, whereas in the wet lay-up method, dry fibres are 
impregnated with epoxy resin in the construction site (in situ) and then installed to the 
specified locations at the same time. Carbon bars, strips and plates are usually pre-cured 
pultruded, but sheets and fabrics are often used with the wet lay-up method.  
 
2.4 FRP strengthening: reasons and techniques 
There are a number of reasons why existing concrete structures may need to be 
strengthened. These include structural deterioration, change in use or applied loads, 
lifetime extension, change in design codes, upgrading a member which has been wrongly 
designed or constructed, upgrading for seismic resistance, cost efficiency against re-
constructing and maintaining of historical structures (Hollaway and Leeming, 1999; 
Hollaway, 2010). FRP strengthening has been used in large number of structures such as 
buildings, bridges, towers, tunnels, marine structures and masonry walls. A number of 
advantages over other strengthening methods have been recognised for FRP 
strengthening. These include ease of application and installation, very high tensile strength 
and stiffness, corrosion resistance, lightweight, application for any required (and 
complicated) shape, variety in type and dimensions, and high durability. There are, 
however, disadvantages such as they are very expensive and more vulnerable to fire and 
mechanical damages, compared to other materials, and crucially for redistribution of 
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bending moments, they have no ductility, being fully elastic to failure. In addition, adequate 
workmanship is vital in FRP strengthening as the performance of an FRP strengthening 
system directly depends on how well the work is conducted.  
FRP strengthening is usually carried out to increase the shear capacity of beams, the 
flexural capacity of beams and slabs, or axial and shear capacity of columns. However, 
there are some traditional strengthening methods (TR55, 2012) such as increasing the 
cross-section, prestressing, concrete confinement by steel collars and shear strengthening 
using steel straps. FRP strengthening has demonstrated that it can be the best alternative 
for those traditional techniques due to the speed and ease of application, and also the ability 
to be used at any location where there is a lack of space to increase the cross-section.  
The most common technique of FRP strengthening is bonding FRP materials (sheet, fabric 
and plate) to the concrete members externally, using either pultruded plates or the wet lay-
up method. It also may be in the shape of wrapping the FRP sheet (or fabric) externally 
around concrete columns. Depicted in Figure 2.6 are images of externally-bonded FRP 
strengthening for RC structures. 
             
Figure 2.6: Externally bonded FRP strengthening. Left) FRP plating    Right) wrapping 
(Courtesy of TR55, 2012) 
Near Surface Mounted (NSM) reinforcement, for flexural strengthening, and Deep 
Embedment (DE) reinforcement, for shear strengthening, are two practical alternatives for 
externally-bonded FRP strengthening, for example, where the FRP is subjected to 
mechanical damages (Figure 2.7). In the NSM technique, as described further in Chapter 
5, FRP strips or bars are inserted into slots cut into the cover concrete of the structure to 
be strengthened, and immersed in epoxy resin. De Lorenzis et al. (2000) and De Lorenzis 
and Teng (2007) have studied various applications of the NSM technique in different 
members and strengthening positions. In addition, a full description of this method and its 
background can be seen in TR57 (2006). The effectiveness of the NSM technique for the 
flexural and shear strengthening of RC members has been reported largely in the literature 
(Barros et al., 2007; Sena-Cruz et al., 2012; Fernandes et al., 2015). In the DE method, the 
whole depth of the web (from bottom to top) in a beam is perforated vertically in specified 
locations and FRP bars are then inserted into the holes and fixed with epoxy resin to supply 
extra shear strength. This technique is useful in occasions such as shear strengthening of 
bridges with live traffic on top of the deck, precast beams and slabs subjected to punching 
shear failure. The effectiveness and ductility of this strengthening technique have been 
investigated experimentally by Valerio et al. (2009a, 2009b).  
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2.5 Failure mechanisms in FRP-strengthened RC beams 
To determine the ultimate moment capacity of a flexurally FRP-strengthened RC beam, the 
key point is to understand the potential failure mechanisms of the retrofitted system. Unlike 
conventional under-reinforced RC beams, in which concrete crushing is the only failure 
mode, FRP retrofitted RC beams may fail in different modes. These modes mainly include 
debonding of the FRP material from the concrete substrate, rupture of the FRP, and 
crushing of concrete in compression (Arduini and Nanni, 1997; Spadea et al., 1998; El-
Ghandour, 2011; Dong et al., 2013). Although all of these mechanisms can occur before 
and after yielding of the existing internal steel reinforcement, the best case scenario for the 
failure mechanism is concrete crushing following yielding of the steel reinforcement without 
failure of the FRP strengthening system (Bank, 2006).  
Between the two major modes of failure in conventional RC beams, flexural failure is always 
desired as it is ductile, whilst shear failure is always prevented as it is brittle and thus sudden 
and disastrous. According to Teng et al. (2001), a number of different failure mechanisms 
have been recognised for FRP-strengthened RC beams, based on previous experimental 
studies available in the literature (Saadatmanehs and Ehsani, 1991; Chajes et al., 1994; 
Takeda et al., 1996; Grace et al., 1998; Rahimi and Hutchinson, 2001). As depicted in 
Figure 2.8, they have categorised these failure modes into seven major groups of: FRP 
rupture, concrete crushing, shear failure, concrete cover separation, plate end FRP 
debonding, intermediate flexural crack-induced FRP debonding, and intermediate shear 
crack-induced FRP debonding. 
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Figure 2.8: Failure mechanisms in FRP-strengthened RC beams (Teng et al., 2001) 
Teng et al. (2001) noted that an FRP retrofitted beam can reach its ultimate moment 
capacity if either the concrete crushes in compression (Figure 2.8.b) or the FRP ruptures 
(Figure 2.8.a). These two failure mechanisms may occur provided that the FRP is 
adequately anchored. However, premature debonding of the FRP is the most common type 
of failure in these structures, affecting ductility of the strengthened section. These issues 
are further discussed in later chapters. 
As Bonacci and Maalej (2001) reported, FRP debonding is the most dominant mechanism 
of failure in externally FRP-strengthened RC beams. It is generally initiated from the location 
of flexural cracks, or shear cracks, or shear-flexural cracks, or is because of surface 
irregularities. As recommended by TR55 (2012), the larger the area of FRP added to a 
concrete beam and the smaller the thickness of the FRP, the lower the risk of premature 
debonding of the FRP. FRP separation almost always occurs in the concrete substrate 
since the epoxy resin used to bond FRP to concrete is generally much stronger than the 
concrete tensile strength.  
Oehlers and Seracino (2004) classified debonding mechanism into three major categories. 
The first category is intermediate crack (IC) FRP debonding, occurring when a crack 
reaches the FRP (section A-A in Figure 2.9). This causes the FRP to debond from the 
concrete surface to release the stress concentration at the point of intersection, otherwise, 
the FRP would be required to accommodate a theoretically infinite strain which would exist 
at the crack opening (section B-B in Figure 2.9), whereas it is impossible. Upon forming 
every new crack along the beam, this local debonding occurs at the location of the new 
crack. These local effects propagate along the length of FRP until they reach one end at 
which point the ultimate FRP separation occurs.   




Figure 2.9: Intermediate crack (IC) FRP debonding (Oehlers and Seracino, 2004) 
The second category (as defined by Oehlers and Seracino, 2004) is critical diagonal crack 
(CDC) debonding, created when a rigid body displacement occurs along an inclined shear 
crack after forming the crack in a shear span. As shown in Figure 2.10, the rotation and 
sliding of the concrete rigid body causes the FRP to detach from the contact surface. This 
separation is initiated from the starting point of the shear crack (point B in Figure 2.10) and 
extends towards the end of the FRP (point C in Figure 2.10). This phenomenon is sudden 
and disastrous since it originates from a brittle shear failure. 
 
Figure 2.10: Critical diagonal crack (CDC) debonding (Oehlers and Seracino, 2004) 
According to Oehlers and Seracino (2004), plate end (PE) debonding is the third category 
which occurs when an FRP-strengthened region is (excessively) bent. This causes the FRP 
to start debonding at both ends of the FRP, since the elastic FRP material prefers to remain 
straight. Figure 2.11 schematically depicts this debonding mechanism. As Teng et al. 
(2001) noted, this failure is the most common type of FRP failure mechanism, reported in a 
large body of experimental research, and is usually accompanied by concrete cover 
separation. PE debonding may be prevented if the FRP is terminated close to (or beyond) 
a point of contraflexure in the beam or in regions with low bending moments. 
 
Figure 2.11: Plate end (PE) debonding mechanism (Oehlers and Seracino, 2004) 
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As Oehlers and Seracino (2004) conclude, the most desired failure mode in FRP-
strengthened beams is the compression failure of concrete prior to the failure of FRP. This 
is most likely to occur when all forms of debonding are prevented (by proper anchoring the 
FRP). Premature debonding of the FRP reduces the overall ductility of a retrofitted section 
because it does not allow the strengthened section to reach sufficiently large strains at 
failure. Therefore, care must be taken if the structure is to be designed for moment 
redistribution, or to absorb energy to withstand seismic loadings. 
 
2.6 Moment redistribution after FRP strengthening 
The complexity of quantifying moment redistribution in FRP-strengthened RC beams, 
compared to unstrengthened beams, originates from the fact that various mechanisms of 
failure, as explained previously, can occur after FRP strengthening, whereas crushing of 
concrete in compression is usually the only failure mode in conventional RC beams. The 
‘Neutral axis depth’ approach, as described in Section 2.2.2 and shown in Figure 2.3, 
cannot be applied in FRP-strengthened beams as this is based on ensuring yielding of steel 
reinforcement followed by crushing of concrete as the ultimate failure. As explained by 
Oehlers and Seracino (2004), in the Ku approach it is assumed that the ultimate strength of 
the section is achieved when concrete reaches a strain of 0.3% (or 0.35%) in the 
compression face. Thus, this ultimate compressive strain is the pivotal point (as illustrated 
in Figure 2.12 for the hogging zone), since this point is fixed in the compression face. The 
strain in the tension face is then controlled by the depth to the neutral axis (i.e. Ku value). 
Most design codes recommend a Ku of 0.2 (or less) to allow for moment redistribution of 
20% or higher (See Figure 2.4). Hence, if the section was strengthened with FRP, the strain 
in the FRP would be at least 0.012. However, this is difficult to achieve since this strain is 
much larger than the recommended values for a typical debonding strain reported in the 
literature. In addition, a large body of research has indicated that FRP usually debonds in 
tension prior to concrete crushing in compression. Thus, the pivotal point cannot be 
necessarily fixed at the ultimate strain of 0.3% in the compression face. As shown by dotted 
lines in Figure 2.12, this means that for the same Ku value, the strains in concrete and FRP 
could be smaller, hence the ultimate curvature would be smaller and consequently, the level 
of moment redistribution (MR) would be smaller.  
 
Figure 2.12: Strain requirements for MR in an FRP-strengthened section located in the 
hogging zone (Oehlers and Seracino, 2004) 
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To investigate ductility and moment redistribution in FRP-strengthened RC beams, several 
studies have been already conducted. Most of them have pointed out that ductility of RC 
beams is considerably reduced after FRP strengthening (Burgoyne, 1997; El-Refaie et al., 
2001; Duthinh and Starnes, 2004; Oehlers, 2006; Yost et al., 2007; Mahini and Ronagh, 
2010), which influences the level of moment redistribution. The lack of sufficient research 
on flexural FRP strengthening of continuous RC beams motivated El-Refaie et al. (2003) to 
carry out an experimental program (which was of the first attempts in this field), in which 
eleven two-span rectangular beams strengthened using FRP were tested. Different 
arrangements of steel reinforcement and strengthening materials were adopted. Based on 
the experimental investigation and observations, they concluded that FRP strengthening of 
continuous RC beams can increase the strength and load bearing capacity of them up to 
twice the amount of that in the equivalent unstrengthened beam, although ductility is 
reduced and an unfavourable brittle failure may occur in some cases.  
El-Refaie et al. (2003) also observed that the more the FRP quantity, the smaller the mid-
span deflection. Peeling of the FRP (accompanied by concrete cover separation) was the 
most frequent mode of failure among the strengthened beams tested. Moment redistribution 
was directly dependent on the quantity and arrangement of the steel reinforcement such 
that the lower the internal reinforcement, the higher the level of moment redistribution after 
FRP strengthening. They, in addition, recommended that end anchorage of the FRP should 
be studied to improve the level of moment redistribution by minimizing the risk of FRP 
peeling. 
Oehlers et al. (2004a) stated that investigation of moment redistribution in FRP-
strengthened RC members is crucial since design standards often ignore the exploitation 
of moment redistribution in these structures which results in a lack of using FRP materials 
in situations where ductility is a major requirement. They tested four two-span FRP-
strengthened rectangular slab-shaped concrete beams to both demonstrate and quantify 
moment redistribution. As shown in Figure 2.13, the beams were strengthened only in the 
hogging region (over the interior support), using carbon FRP plates. The results indicated 
that a reasonable amount of moment redistribution occurred in the FRP-strengthened 
specimens before debonding which ranged from 28% to 35%. It was due to the internal 
steel reinforcement arrangement adopted. Thus, they claimed that FRP retrofitted RC 
beams are able to redistribute bending moments significantly from.  
 
 
Figure 2.13: Characteristics of the specimen tested by Oehlers et al. (2004a) 
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In a later study, Oehlers et al. (2004b) argued that it is extremely hard to determine whether 
an FRP-strengthened beam has sufficient ductility or not. They proposed an analysis 
procedure, named the ‘Flexural rigidity approach’, to quantify moment redistribution 
occurring in externally bonded (EB) FRP-strengthened concrete members. This approach 
was based on allowing stiffness variations to be accommodated along the length of the 
beam. In this approach it is assumed that flexural stiffness is constant within each of the 
negative (hogging) zone and positive (sagging) zone, while the stiffness of these two zones 
are different from each other.  
It should be noted that an alternative approach, called the ‘Plastic hinge approach’, was 
also proposed by Oehlers et al. (ibid), in which it is assumed that the entire beam has an 
elastic flexural stiffness of EI except for the small regions where plastic hinges are formed. 
They pointed out that the hinge approach is not suitable for FRP plated beams since FRP 
debonding often precedes concrete crushing, causing no plastic hinge to be formed and 
the strengthened region may remain elastic such that the required plastic rotation cannot 
occur.  
The results obtained from the rigidity approach indicated that FRP-strengthened beams 
have a limited ability for moment redistribution, compared to steel plated beams. Despite 
this finding, the practicality of this approach is questionable since the point of contraflexure 
must be found correctly to determine the length of each part which has different EI value. 
Also, if the loading arrangement (or other conditions) is asymmetric, it is much more 
complex to determine the location of different parts and the accurate values of rigidity for 
each part. Furthermore, the accuracy of this approach is debateable when a strengthening 
technique, such as NSM rather than the EB method is used, in which the FRP may reach 
larger strains at failure and the stiffness may be under-estimated. 
Further research was undertaken by Ashour et al. (2004). They tested 16 continuous RC 
rectangular beams strengthened using CFRP sheet. All beams had the same dimensions 
but the reinforcement arrangement and strengthening configuration were different. 
Illustrated in Figure 2.14 are the characteristics and loading arrangement of the rectangular 
specimens. A lower ductility was observed compared to that of the unstrengthened beam, 
whereas the load bearing capacity was higher after FRP strengthening. As reported, the 
most prevalent mode of failure was FRP debonding, accompanied by concrete cover 
separation. The results demonstrated that the size and bonded area of the FRP could not 
prevent premature FRP delamination. They recommended a maximum longitudinal shear 
stress of 0.8MPa, which is an upper limit recommended by TR55, along the concrete/FRP 
interface layer to ensure that FRP debonding is avoided. In addition, the results showed 
that ductility (and the possibility of moment redistribution) exists in FRP retrofitted beams, 
depending on the arrangement of steel reinforcement and the quantity and position of the 
FRP. Ashour et al. (ibid) also proposed a simplified approach to predict the load capacity 
by satisfying equilibrium of forces and compatibility of deformations. The approach 
assumes that both the critical sections, i.e. the sagging and hogging zones, reach their 
moment capacity at the ultimate condition, which may be not a valid assumption.  




Figure 2.14: Characteristics and loading arrangement of the specimens tested by Ashour 
et al. (2004) 
An analytical approach was examined by Liu et al. (2006a) to analyse moment redistribution 
in FRP-strengthened RC beams using both EB and NSM methods. This approach was a 
modified version of the flexural rigidity approach developed by Oehlers et al. (2004b). They 
claimed that the previous approach is not valid or suitable for the beams retrofitted using 
NSM technique. Thus, they modified it to be able to determine the capacity for moment 
redistribution for a larger range of FRP debonding strains. Called the ‘Linear Flexural 
Rigidity Approach’, this approach allows for stiffness variation along the beam. This 
variation is assumed to be linear (which may not be necessarily true) within each of the 
critical zones such that the flexural rigidity should be a maximum at the point of zero bending 
moment and be minimum at the point of maximum positive or negative bending moment.  
The linear rigidity approach was verified by an experimental program, conducted by Liu et 
al. (2006b), in which nine two-span continuous rectangular RC beams (strengthened using 
the NSM method) were tested. The results of the analysis indicated a reasonable 
agreement with the test results. They claimed that the rigidity approach can be applied to 
quantify moment redistribution at any load, even if FRP debonding precedes concrete 
crushing. Nevertheless, it may be argued that the point of contraflexure is not fixed and 
changes at each stage of loading. Moreover, finding the (equivalent) rigidity for each critical 
section is a complex problem especially in the case of asymmetric loading arrangements. 
A parametric study was carried out by Liu et al. (2006c) using the linear rigidity approach 
and the results showed that bending moments might be redistributed from zero to 20%, 
indicating that an EB FRP-strengthened RC zone has the potential to redistribute a 
significant amount of bending moments.  
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A further theoretical investigation was undertaken by Silva and Ibell (2008) in this issue. 
They discussed that although ductility is reduced upon FRP strengthening of a concrete 
beam, the strengthened region can exhibit rotation capacity (which allows for some amount 
of moment redistribution) provided that it can display adequate curvature ductility. They 
classified the issue of moment redistribution into two categories including moment 
redistribution into FRP-strengthened zones and moment redistribution out of these zones. 
They believed that it appears rational to consider full moment redistribution into FRP 
retrofitted zones as bending moments are redistributed from an unstrengthened section 
which logically has sufficient rotation capacity to accommodate this full capacity for moment 
redistribution. For the second category, they used a similar theoretical strategy to that used 
in ACI-318 (2002) for conventional RC continuous beams, to specify lower and upper limits 
on moment redistribution (Eq 2.3). By conducting a parametric study, Silva and Ibell (ibid) 
suggested that an FRP-strengthened section can redistribute at least 7.5% of bending 
moments, provided that the section can exhibit a curvature ductility capacity of 2.0 or 
greater, and the strain in steel reinforcement is within the range recommended in Eq 2.3. 
This ductility limit appears to be relatively low as it is based on some specific assumptions 
(which may not be necessarily valid in all cases) including a specific debonding strain of 
0.8% for the FRP and a strain limit for steel reinforcement. Also, the overall geometry and 
loading arrangement of the beam are not considered which might be effective in the level 
of moment redistribution.  
A parametric study was carried out by Coccia et al. (2008) using a non-linear analysis. This 
analytical approach discretises an FRP-strengthened beam into a number of reference 
segments. Each segment has a length of approximately equal to a typical crack spacing, 
and is exposed to flexure and axial force. The stiffness of each segment is calculated based 
on the relationship between the bending moment and the mean curvature of the segment. 
The calculation is undertaken for each segment in different phases: before cracking, after 
cracking but before steel yielding, and after steel yielding up to the ultimate failure. The 
results of the parametric study indicated that the capacity for moment redistribution can be 
reduced by up to 50%. Also, the difference between the stiffness of the critical sections (the 
hogging and sagging zones) is one of major factors influencing moment redistribution 
capacity. Coccia et al. (ibid) claimed that a higher level of moment redistribution may occur 
in a beam subjected to uniformly distributed loads than concentrated loads. In general, this 
approach has shown a reasonable correlation with the experimental results existing in the 
literature, but it appears to be onerous since lots of various local effects should be 
considered in different stages of loading and for different segments, such as slip at 
concrete/steel interface, tension stiffening, and degradation of the bond stress. In addition, 
it seems to be based on a fully empirical assumption about crack spacing in conventional 
RC beams which is not necessarily valid for FRP-strengthened concrete beams. Moreover, 
the model has not been examined for asymmetric loading conditions too. 
Haskett et al. (2010) discussed that current methods, which are based on empirical findings, 
must be replaced by new approaches to solve the complex problem of ductility and rotation 
capacity in FRP-strengthened beams. They claimed that this demand is due to the fact that 
concrete crushing is not necessarily the solely mode of failure. They proposed a structural 
mechanics based method to find bending moment and the amount of rotation at the ultimate 
condition. Accommodating different failure mechanisms, this analytical model is based 
upon partial interaction, shear friction and rigid-body rotation. As shown in Figure 2.15, the 
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rotation of a rigid body (concrete hinge) is found at a primary crack by setting upper and 
lower bound limits on the rotation and displacement of the different constitutive parts of the 
hinge. The rotation occurs trough opening of the crack (in the tension face) and 
compression of the concrete (in the compressive face) simultaneously. The ultimate state 
occurs upon either infinite sliding of the concrete wedge (in the compression zone) or 
excessively slipping of the steel reinforcement or FRP such that the FRP debonds or 
ruptures. A large number of assumptions are made and various parameters and limits 
should be set and checked until the moment rotation is determined for each given load and 
at each cracked section, which make this procedure onerous for practical utilisation.  
 
Figure 2.15: Analytical analysis of rigid body rotation (Haskett et al., 2010) 
According to Haskett et al. (2010), diameter and yield strength of steel reinforcement and 
specifically the depth of a concrete section play important roles in the ductility of the section. 
Using the proposed approach, the moment redistribution capacity of various example 
beams were examined. The results indicated that FRP-retrofitted sections can redistribute 
bending moments significantly which may be up to 50% for NSM strengthened beams, 
demonstrating that the bond performance between concrete and FRP is critical in allowing 
sufficient moment redistribution to occur.  
Further research was undertaken by Akbarzadeh and Maghsoudi (2010), both 
experimentally and analytically. They first tested five two-span rectangular reinforced high 
strength concrete beams strengthened using glass and carbon FRP sheets. The beams 
were symmetrically reinforced at the top and bottom of the beam with longitudinal steel bars 
and also, point loaded at each mid-span. Different strengthening configurations were also 
adopted. The experimental results showed a reduction of moment redistribution from 16% 
(for the control beam) to 8% and 3% (for the strengthened beams, depending on the 
quantity of FRP). In addition, they proposed a simplified analytical method to predict the 
failure load and ultimate capacity of moment redistribution, based on the moment capacity 
of the critical zones. The calculations were simply conducted through satisfying equilibrium 
conditions. They claimed that there is a good comparison between the experimental and 
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analytical results although they used simple assumptions and the calculations were 
conducted only for symmetrical conditions.  
Redistribution of bending moment in FRP-strengthened RC members has been also 
investigated very recently by some researchers (Dalfré and Barros, 2011; Breveglieri et al., 
2012; Lou et al., 2015b). These experimental and theoretical studies shows that moment 
redistribution can be feasible in such members under circumstances, despite the fact that 
it has been limited in design standards.  
It is worth noting at the end of this section that some research has been carried out recently 
about the ductility and moment redistribution capacity of continuous concrete beams which 
are reinforced (but not strengthened) with FRP bars. However, this is beyond the scope of 
the current research. Accordingly, Kara and Ashour (2013) studied moment redistribution 
in rectangular continuous RC beams reinforced using FRP bars trough developing a 
numerical technique. This technique was based on the moment curvature relationship for 
the critical sections and satisfying equilibrium conditions. The results showed that no 
bending moment is redistributed at the ultimate condition as failure is always brittle and 
sudden. Furthermore, an experimental investigation was conducted by Santos et al. (2013) 
on a similar topic. They tested seven two-span T-beams reinforced with GFRP bars. The 
results indicated that moment redistribution is feasible in GFRP reinforced concrete beams 
especially when the concrete is confined with transverse reinforcement. 
 
2.7 Design guidelines 
The linear elastic nature of FRP materials (up to rupture) prevents the materials exhibiting 
plastic deformations. This matter, as well as premature debonding of the FRP from concrete 
surface, limits ductility of FRP-strengthened structures. The uncertainty about the adequacy 
of ductility and lack of sufficient research in this field has compelled design standards 
worldwide to ignore the possibility of redistribution of bending moments in continuous 
flexurally strengthened concrete beams using FRP. As a result, all concrete members, 
which require strengthening should be designed for FRP strengthening based on a linear 
distribution of bending moments, even if the concrete member was originally designed 
based on full moment redistribution considerations. This causes the design condition of the 
strengthening scheme to be very onerous and complicated, specifically for the regions in 
the concrete member from which moment redistribution is initiated before strengthening 
(Ibell and Silva, 2004). To explain the complexity, it should be noted that if a critical zone in 
a beam had been designed for moment redistribution, the bending moment would be 
reduced at that point. Thus, after FRP strengthening, the zone now must withstand the 
original elastic bending moment (which would be much higher than the redistributed 
amount) in addition to the extra bending moment which may be required because of the 
strengthening criteria. As a result, it would lead a larger amount of strengthening materials 
to be required (for the serviceability requirements) than the amount which would be required 
originally for the strength demand. Hence, it is crucial to show that FRP-strengthened RC 
beams can redistribute bending moments to reduce the amount of FRP which is required 
for strengthening in such circumstances. Research in this area might then persuade 
national standards to consider moment redistribution in design. 
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According to Kansara (2014) who has extensively assessed ‘conservativeness’ in the 
design of FRP-based structural strengthening systems, design codes (specifically TR55 
and ACI440-2R-08) employ a limit-state approach to design strengthening systems. The 
analysis approach is only based on linear analysis methods, in which moment redistribution 
is not allowed due to the linear elastic behaviour of the FRP materials. In addition, the 
guidelines point out that the compressive strength of FRP should be fully ignored. Kansara 
claimed that both the standards are conservative in terms of the design framework. 
There is no recommendation in fib Bulletin 14 (2001) regarding exploitation of moment 
redistribution in FRP-strengthened RC beams. It only recommends that sufficient structural 
safety should be considered in design which includes adequate ductility. It points out that 
brittle failure should be avoided by providing a minimum level of ductility. To ensure 
adequate ductility after strengthening, the design should be such that steel reinforcement 
must yield prior to ultimate failure, which might be either concrete crushing or FRP failure. 
This may demonstrate that curvature is large enough at the ultimate state to show ductility. 
The design guideline suggests (according to the recommendations made by 
EC2_CEN:1991) that the depth to the neutral axis (i.e. the depth of the compression zone) 
should be limited to the following amounts at the ultimate state: 
ξ ≤ 0.45   (for concrete grades C35/45 or lower)                          Eq 2.3 
ξ ≤ 0.35   (for concrete grades higher than C35/45)                     Eq 2.4 
where ξ (=da/d) is the ratio of neutral axis depth to effective depth (named Ku in the previous 
sections). Accordingly, the minimum required strain in the FRP can be found as follows 
(assuming that the ultimate concrete strain is 0.35%, and the ratio of the section depth to 
the effective depth (h/d) is approximately 1.10): 
εfu ≥ 0.0050   (for concrete grades C35/45 or lower)                          Eq 2.5 
εfu ≥ 0.0075   (for concrete grades higher than C35/45)                     Eq 2.6 
where εfu is the ultimate FRP strain in the critical section. Based on the above limiting values 
and assuming that steel grade S500 (with a yield strain of 0.25%) is used, fib Bulletin 14 
suggests the following requirements for the curvature ductility of the strengthened sections: 
μφ ≈ 1.7   (for concrete grades C35/45 or lower)                          Eq 2.7 
μφ ≈ 2.6   (for concrete grades higher than C35/45)                     Eq 2.8 
where μφ is the curvature ductility, as described in the previous sections.  
Moment redistribution has been totally ignored in ACI440.2R-08. The guideline solely 
provides some general considerations for design. Accordingly, FRP strengthening systems 
should withstand tension whereas compatibility of strain must be retained between concrete 
and the FRP. Also, compression in the FRP should be ignored. As noted in the guideline 
(see CHAPTER 10), this standard is not suitable for the FRP strengthening of the concrete 
members in which plastic hinge regions are expected to be formed. These members are 
usually found in ductile moment resisting concrete frames which should withstand dynamic 
loadings (such as earthquake). In general, no recommendation is provided by this guideline 
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regarding ductility requirements or moment redistribution consideration after FRP 
strengthening. 
According to TR55 (2012), reduction of ductility raises doubt about the exploitation of 
moment redistribution in design of FRP-strengthened RC beams although adequate 
capacity of rotation has been reported in the literature (Casadei et al., 2003). The design 
guideline claims that moment redistribution is not considerable in such structures even 
though research (Corden et al., 2008; El-Refaie et al., 2003) has shown limited ductility and 
feasibility of moment redistribution to some extent. Hence, TR55 suggests a maximum 
moment redistribution of 15% which is allowed only into FRP-strengthened zones provided 
that sufficient curvature ductility is exhibited. According to this guideline, moment 
redistribution is not permitted at all out of such zones, due to the lack of adequate 
documented proof to show the possibility. If a continuous beam requires additional strength 
capacity in both hogging and sagging regions, the guideline recommends that the beam is 
better to be strengthened only in the region into which bending moments are redistributed 
such that the other region (from which moment redistribution is initiated) remains 
unstrengthened. Thus, the strength demand can be obtained by the consideration of 
moment redistribution.  
The draft of Hong-Kong guide for the strengthening of concrete structures using FRP 
composites (Teng et al., 2010) stipulates that redistribution of bending moments into FRP-
strengthened zones is not permitted, while it does not provide any recommendation 
regarding redistribution of bending moments out of such zones. 
Taking the findings of previous research into consideration, design standards are clearly 
conservative about employing moment redistribution due to the lack of ability to analyse 
and quantify the possible moment redistribution. As described earlier, this may lead to 
onerous design processes which are highly inefficient and time-consuming. 
 
2.8 Anchoring the FRP: methods and effects 
The potential for sudden and brittle premature debonding of the FRP may affect the 
proliferation of FRP strengthening systems in the construction industry. To solve this 
problem, mechanical anchorage techniques have been developed. Mechanical FRP 
anchorage systems are primarily used to hinder (or at least postpone) debonding of the 
FRP from concrete surface (Ceroni et al., 2008). Thus, a more ductile mode of failure may 
be provided by anchoring the FRP since this technique can significantly improve the bond 
performance between concrete and FRP, and hence the strain capacity of the FRP at 
failure.  
High longitudinal shear stresses, in the interface layer between concrete and FRP near the 
end of the FRP, cause debonding of the strengthening material to occur, which are 
predominantly in shape of plate-end peeling or concrete cover separation (Smith and Teng, 
2002). Increasing the bonded area (by extending the length of the FRP) improves the bond 
behaviour but there is an effective length beyond which it is impossible to increase the 
capacity for stress transfer between the concrete and the FRP. This means that this method 
cannot necessarily prevent all debonding (Chen and Teng, 2001). Therefore, various types 
Chapter 2: Literature review 
26 
 
of mechanical anchorage systems have been suggested and examined by different 
researchers. 
Grelle and Sneed (2013) classified the common FRP anchorage systems into three major 
types. Type-I anchorage systems are usually used to inhibit (or delay) the widening of 
flexural cracks. They are usually installed at both ends or along the entire length of the FRP, 
discretely. Depicted in Figure 2.16 is a typical example of this anchorage type by which the 
FRP composite is anchored at the termination point.  
 
Figure 2.16: A typical example of Type-I anchorage system for FRP strengthening (Grelle 
and Sneed, 2013) 
Type-II and Type-III anchorage systems are employed to increase the transfer of 
longitudinal shear stresses (along the contact surface) but in different shapes. In Type-II it 
is undertaken by extending the bond length while in Type-III the extension of the bond 
length is impossible due to the geometric constraints, for example when the FRP is 
terminated at a critical section. In this case, the strengthening system is useless if it is not 
anchored mechanically. Figure 2.17 illustrates examples of these two anchorage types 
schematically. 
 
Figure 2.17: A typical example of Type-II and Type-III anchorage systems for FRP 
strengthening (Grelle and Sneed, 2013) 
Various anchorage systems have been introduced and examined in the literature (Kalfat et 
al., 2011; Grelle and Sneed, 2013), including transverse wrapping (discrete U-wraps), U-
anchors, fan (spike) anchors, FRP strips, bolted angles and so on. Advantages and 
disadvantages of each system have been thoroughly reviewed by Kalfat et al. (2011).  
Transverse wrapping is carried out using FRP sheet which braces the longitudinal 
strengthening system firmly. It is usually in the form of discrete U-wraps which are installed 
on both ends of the longitudinal FRP or throughout the entire length (as shown in Figure 
2.18). The orientation of the U-wraps might be either vertical or inclined. It is to be noted 
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that this anchorage system will not be effective unless a minimum amount of tension is 
induced in the U-wraps.  
 
Figure 2.18: Transverse vertical discrete U-wraps for T-beams (Grelle and Sneed, 2013) 
A thorough parametric study was conducted by Lee (2010) on the performance of discrete 
U-wrap anchorage system in externally-bonded FRP-strengthened RC beams. The results 
indicated the higher effectiveness of the U-wraps installed at an inclination of 450 compared 
with vertical U-wraps. The inclined orientation of fibres caused the concentration of stresses 
to be minimized and the clamping effect of the anchors to be maximised. In addition, the 
results demonstrated that application of U-wraps significantly increased the ultimate strain 
of the longitudinal FRP such that the mode of failure changed from FRP debonding to FRP 
rupture. A schematic image of inclined U-wraps is shown in Figure 2.19. 
 
Figure 2.19: Inclined discrete U-wraps, tested by Lee (2010) 
Fan (spike) anchors are another type of anchorage system. They are made by bundling 
(rolling up) a piece of FRP sheet. Each anchor consists of two main parts. One end, called 
the dowel, is embedded into a hole drilled into the concrete cover, and bonded using epoxy 
resin. The other end, called the fan and consisting of loose fibres, is spread out on the 
longitudinal strengthening material (Eshwar et al., 2005; Smith et al., 2011). A general 
picture of a fan anchor is shown in Figure 2.20. The anchors are usually installed vertically. 
Several researches have been carried out on the effectiveness of this anchorage system 
(Lam and Teng, 2001; Eshwar et al., 2005; Smith et al., 2011; Warren, 2010; Carvalho, 
2013). Most of the experimental results have indicated that fan anchor can improve the 
strength and deflection capacity of flexurally strengthened RC members. A larger 
debonding strain and failure load have been also reported in the literature in comparison 
with un-anchored FRP strengthening systems. This technique is further described in 
Chapter 5. 




Figure 2.20: A general image of FRP fan anchor (Smith et al., 2011) 
An experimental investigation was undertaken by Aiello and Ombres (2011) on moment 
redistribution in anchored FRP-strengthened RC beams. They focused mainly on the 
influence of the strengthening configuration and anchorage system on the amount of 
bending moments which can be redistributed. Six rectangular two-span beams (including 
two control beams and four strengthened beams) were tested. The characteristics and 
details of the beams and strengthening schemes are depicted in figure 2.21. One beam 
was strengthened only in the hogging zone, two beams only in the sagging zones and one 
beam in both zones.  
  
 
Figure 2.21: Details of the beams tested by Aiello and Ombres (2011) 
Aiello and Ombres (ibid) demonstrated that a significant amount of moment redistribution 
(up to 20%) can be obtained by adopting an appropriate strengthening configuration. They 
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also claimed that redistribution of bending moments occurs at different stages of loading. 
As they reported, application of the U-wraps improved ductility of the strengthened beams 
and hindered premature debonding of the strengthening system. Nevertheless, it is to be 
noted that the effectiveness of the anchorage system has not been examined properly as 
no comparison has been made between the tested beams and some corresponding beams 
which are strengthened without anchorage. Moreover, the beams were loaded 
symmetrically and the original stiffness was constant along the entire beam (because of the 
adopted reinforcement arrangement) which did not allow the maximum capacity for moment 
redistribution to be quantified. 
A later experimental study was carried out by Farahbod and Mostofinejad (2011) to 
investigate moment redistribution in anchored FRP-strengthened RC frames. Six two-span 
RC frames were tested and the major parameters included the quantity of FRP and the 
strengthening configuration. The FRP laminates were mechanically anchored using CFRP 
U-wraps located at both ends of each laminate. Illustrated in Figure 2.22 are the details and 
characteristics of the tested RC frames. 
 
Figure 2.22: Details of the frames tested by Farahbod and Mostofinejad (2011) 
Considering the experimental results, Farahbod and Mostofinejad demonstrated that 
application of FRP significantly increased the load bearing capacity and moment capacity 
of the frames. Strengthening of the spans (sagging zones) was more effective than 
strengthening of the near-column region (hogging zone). A maximum moment redistribution 
of 56% occurred in the frame strengthened in the mid-spans while it was 48% when both 
the regions were strengthened simultaneously. It appears that application of mechanical 
anchorage improved the ductility of the frames so that a considerable amount of bending 
moment could be redistributed, although they did not tested any frame without FRP 
anchorage. Thus, the effectiveness of the anchorage system cannot be examined from the 
results due to the lack of comparison. 
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2.9 Summary  
A state-of-the-art review of the literature about moment redistribution in FRP-strengthened 
RC flexural members has been provided in this chapter. The implications and importance 
of ductility in indeterminate structures were discussed, including the methods and limits 
provided by design standards through which the minimum and maximum level of moment 
redistribution can be ensured. Various types and properties of FRP materials were 
described in this chapter too. In addition, a brief description of the reasons and techniques 
for the strengthening of concrete structures (using FRP) was provided, showing that 
externally-bonded (EB) and near surface mounted (NSM) FRP strengthening methods are 
the two most common techniques for retrofitting. 
Failure mechanisms of the FRP-strengthened RC members were thoroughly explained 
which showed premature FRP debonding (in the shape of plate-end peeling and concrete 
cover separation) is the most dominant failure mode, as reported repeatedly in the literature. 
The effect of this brittle failure (and also other types of failure) on the ductility of such 
structures has been examined. A thorough review of the previous studies on moment 
redistribution in FRP-strengthened RC beams was provided. It showed that FRP quantity 
and strengthening configuration play important roles in the amount of bending moments 
which can be redistributed. However, previous studies have not covered all aspects of 
moment redistribution in such structures, such as the conditions under which or the extent 
to which moment redistribution can be relied on. The theoretical results and strategies are 
either very conservative or only relevant to specific cases with specific assumptions which 
means they are not rigorous. Also, the experimental works have been limited, with a wide 
range of findings for moment redistribution from zero to 56%. All these demonstrate a gap 
in the knowledge of flexural behaviour of FRP-strengthened RC members, and the 
knowledge of how to precisely quantify the actual (and also the maximum possible) level of 
moment redistribution in such members. 
The current recommendations provided by guidelines worldwide for the exploitation of 
moment redistribution in such structures were discussed, indicating that design standards 
are still very conservative about designing FRP strengthening systems with moment 
redistribution considerations. This is due to the lack of research and documented proof 
allowing this concept to be utilised in design.  
A review of the studies on the application of FRP anchorage systems was undertaken, 
demonstrating the effectiveness of this technique in improving ductility but previous 
research does not show adequately the actual effectiveness of anchorage systems on the 
level of moment redistribution. The wide variation of previous results demonstrate that 
further research is still required to examine all aspects of this problem. Hence, the current 
research aims to find a simple solution for quantifying moment redistribution in such 
structures over the entire loading cycle (up to ultimate failure) which is able to predict the 
failure mode and the maximum possible capacity for moment redistribution. This research 
aims to examine the effect of beam shape, FRP quantity, strengthening configuration and 
technique, reinforcement arrangement and anchorage system on moment redistribution.  
In conclusion, the review of literature undertaken in the previous sections shows the 
difficulty and complexity of quantifying moment redistribution in FRP-strengthened RC 
members. Research is still in progress to find an appropriate and simple solution for this 
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problem. Among various aspects of this research topic, calculation of the ultimate capacity 
for moment redistribution is one of the most crucial aspects. It is necessary to find a method 
or develop an analytical tool which is able to predict the mode of failure in an FRP-
strengthened RC beam, and to calculate the maximum level of moment redistribution 
according to the predicted failure mode. This analytical tool will help for better 
understanding of the flexural behaviour of such structures under various circumstances, 
leading design guidelines to consider moment redistribution in a more realistic way which 
may result in a more efficient and economical design.  
Provided in the next chapter is description of the new analytical model developed in this 
research to quantify the level of moment redistribution in FRP-strengthened RC members. 









In order to understand how FRP-strengthened continuous concrete beams behave 
flexurally under applied loads, a robust analytical tool is needed. The tool should be able to 
model structural behaviour of the strengthened concrete members in flexure under various 
geometric, loading and strengthening arrangements. In this chapter, the analytical 
approach developed to model the structural behaviour of FRP-strengthened continuous 
beams under flexure is described. The main aim of developing the analytical model is to 
thoroughly understand non-linear behaviour of members which might have the potential to 
redistribute bending moments. 
3.2 Theoretical rationale and assumptions 
As mentioned in Chapter 2, the literature shows that bending moments in an FRP-
strengthened continuous beam may be redistributed provided that sufficient rotation 
capacity (but not necessarily ductility) is available in the zone where the steel reaches yield 
first. If the zone has been strengthened with FRP, various assumptions are required to be 
made in order to determine the rotation capacity of the strengthened zone, due to the 
complexity of the issue.  
To avoid this complexity when flexural behaviour of this strengthened structure is 
investigated, an analytical model is presented which is based on a fundamental approach, 
allowing stiffness variations in FRP-strengthened continuous concrete beams to be 
followed and updated iteratively. Through this approach, no empirical limits on ductility or 
rotation capacity are required in order to quantify the level of moment redistribution 
occurring in such structures since the approach is solely based on basic structural 
mechanics. This model uses sectional analysis and relies on the modelled characteristics 
of the beam’s constitutive components, and employs numerical computations to calculate 
stiffness variations along the beam. This model indeed allows the degree of moment 
redistribution, occurring into and out of the critical zones of the structure, to be simply 
quantified. 
3.2.1 Stiffness variations 
The key point in the investigation of moment redistribution in a continuous concrete beam 
is how the flexural stiffness varies along the length of the strengthened beam during loading. 
When loading is applied, at the initial stages, flexural stiffness distribution across the beam 
is appropriately equal to the original stiffness distribution of the beam, existing before 
loading. This is because concrete structures behave elastically before cracking initiates, but 
as the loading increases and the first cracks form, stiffness reduces in some zones so that 
different sections of the structure experience different levels of stiffness reduction. In 
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addition, further load increase causes more stiffness reduction which is not only due to 
concrete cracking but also due to softening of the concrete in compression and yielding of 
the steel reinforcement. Thus, due to this change in flexural stiffness, the bending moment 
distribution varies as the loading increments go up. 
Moment redistribution occurs as a result of the above mentioned phenomena. As seen 
schematically in Figure 3.1, stiffness reduction evolves under increasing load. The result of 
this locally reduced stiffness is that bending moment at a location which is losing flexural 
stiffness more rapidly (and therefore approaching some sort of strength limit) is redistributed 
away from this location, in accordance with fundamental structural mechanics. Once a point 
of the beam reaches its moment capacity, it can no longer withstand further applied bending 
moment. As a result, extra loads will cause bending moments to be automatically 
redistributed to the stiffer regions, allowing the structure to avoid instant failure. 
 
Figure 3.1: Stiffness variations in a stressed continuous concrete beam 
The major difficulty is how to quantify these flexural stiffness variations as they occur in the 
loaded beam from beginning to failure. The analytical model developed here performs a 
computational operation where the stiffness of each section along the beam is calculated 
during loading. A precise bending moment distribution can then be determined for each 
loading stage iteratively, which will allow quantification of how the bending moments are 
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redistributed at that stage. The description of how the analytical model quantifies moment 
redistribution is presented in the next section. 
3.2.2 Sectional analysis method 
The analytical approach developed is based upon sectional analysis which, as mentioned 
before, looks at discrete sections of the beam during loading and tracks the changes in their 
stiffness. This technique subdivides the beam into a large number of thin vertical slices (e.g. 
narrow segments of 10mm width during the current study), and finds the Moment-Curvature 
(M-K) relationship for each cross section. Therefore, if the moment distribution is 
determined for any load increment, the corresponding curvature can be found from the 
Moment-Curvature relationship of that section and the flexural stiffness can be calculated. 
As seen in Figure 3.2, the model requires iteration to find the stiffness distribution from the 
bending moment distribution since the bending moment depends on the actual stiffness 
calculated for each point. At the end of the iteration, the real distribution of moments across 
the beam is obtained which matches the stiffness variation to that load increment.  
To write a computer code capable of finding M-K relationships for each cross section and 
of carrying out the iterative process, MATLAB was chosen as the programming platform for 
the analytical method. 
 
Figure 3.2: The iteration process used in the analytical model 
 
3.2.3 Moment-Curvature relationship 
The first step is to find the Moment-Curvature relationship for each of the discrete sections 
along the beam. This is determined by the geometry, reinforcement, strengthening 
specifications and constitutive material models. Indicated in Figure 3.3 are the general 
material models used for the numerical model: a parabolic curve for the behaviour of 
concrete in compression (according to EC2, 1991), linear elastic behaviour in tension for 
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concrete (according to EC2) and FRP until rupture, and an elastic-plastic behaviour (with a 
strain hardening effect) for steel in tension and compression. The correlation between the 
experimental and analytical results indicates that the adopted material models are adequate 
as will be shown in the following chapters. 
                
             
Figure 3.3: Constitutive material models used in the analytical model 
Then, for each point, the cross section is subdivided into a large number of horizontal layers 
(e.g. layers of 1mm thickness during the current study). It is assumed that the bond 
behaviour between FRP and the adjacent concrete (and also between steel reinforcement 
and the adjacent concrete) is perfect and that plane sections remain plane. For any 
curvature, the depth to the neutral axis is estimated, and strains in all of the constitutive 
materials of the section are calculated. Using the material models of Figure 3.3, the 
corresponding stresses are found. The force in the tension and compression zones are 
calculated separately. The total force in tension (T) is the sum of tensions in the concrete 
(Tc), steel (Ts) and FRP (Tf), if applicable, and the total force in compression (C) is the sum 
of compression in concrete (Cc=ΣCci) and compression steel (Cs).  Using an iterative 
process, the precise depth to the neutral axis is found by ensuring the tensile and 
compressive forces are in equilibrium (T=C), as shown in Figure 3.4.  
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Once the neutral axis depth (kd) is found, the corresponding moment of resistance (M) is 
computed for that curvature by taking moments of all of the components about the neutral 
axis: 
𝑴 = (𝑪𝒄 × ӯ) + (𝑪𝒔 × (𝒌𝒅 − 𝒅𝒔)) + (𝑻𝒄 × ӯ
′) + (𝑻𝒔 × (𝒅 − 𝒌𝒅)) + (𝑻𝒇 × (𝒉 − 𝒌𝒅))           Eq 3.1 
 
where, ӯ is the depth from the neutral axis to the centroid of the concrete’s compression 
zone and ӯ′ is the equivalent depth to the centroid of the concrete’s tension zone: 
ӯ = (𝜮(𝑨𝒊 × 𝑪𝒄𝒊 × 𝒚𝒊)/𝜮(𝑨𝒊 × 𝑪𝒄𝒊))                                       Eq 3.2 
where, Ai is the area of horizontal layer of i, Cci is the compression in the concrete in layer 
i, and yi is the depth from the centroid of layer i to the neutral axis. 
Repeating the above process by increasing the curvature across the section leads to the 
development of a full Moment-Curvature relationship for any cross section along the length 
of the continuous beam. This process is conducted both in sagging and hogging, as 
relevant, for each cross section. Ultimate failure in this technique is simply determined by 
limiting maximum strains for the concrete and FRP. A typical ultimate strain value of 0.35% 
(εcu=0.0035) is assumed for concrete crushing, in accordance with EC2, and the ultimate 
strain value is assumed to be 0.8% for FRP debonding (εfu-deb=0.008) or 1.5% for FRP 
rupture (εfu-rup=0.015) when it is fully anchored (TR55, 2012), although these values are 
typical and can be refined. 
 
3.2.4 Bending moment distribution 
The next step of the analytical model is to quantify redistribution of bending moments. At 
each stage of load increment, the initial elastic distribution of bending moments is 
determined for the beam using the Virtual Work method and assuming that the original 
elastic stiffness is available at each section along the length of the beam. Then for each 
section, the actual curvature is found from the corresponding M-κ relationship generated 














    , 𝜿 =
𝟏
𝑹
                                                          Eq 3.4 
Then, the equivalent flexural stiffness is given by: 
                                                     𝑬𝑰𝒆𝒒𝒖𝒊𝒗 =
𝑴
𝜿
                                                            Eq 3.5 
Therefore, using Eq 3.5, the equivalent flexural stiffness at each section is calculated. The 
stiffness distribution is not necessarily uniform across the structure. Knowing the new 
stiffness distribution, the model recalculates the distribution of bending moments throughout 
the beam, using the Virtual Work method and by finding the new support reactions. These 
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calculations are continually repeated each time until the actual moment distribution for the 
applied load is attained. In fact, the bending moment profile is compared with the last 
calculated bending moment distribution after each iteration and the model stops the 
calculation if the difference between the maximum bending moment of the two profiles is 
negligible (e.g. when the difference is 1 N.mm or less). Using this technique, moment 
redistribution is calculated automatically and the analysis ends when one of the limiting 
strains (which can be either concrete crushing or FRP debonding/rupture) is reached at a 
critical point in the beam. Figure 3.5 summarises how the model is implemented. 
 
Figure 3.5: Moment redistribution calculations for continuous beams 
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For any applied load, moment redistribution at that load stage is simply calculated using the 
following equation throughout this research (as stated by El-Refaie et al., 2003): 
𝑴𝑹 (%) = 𝟏𝟎𝟎 × (𝟏 −
𝑴𝒓𝒆𝒅𝒊𝒔
𝑴𝒆𝒍𝒂𝒔
)                                                    Eq 3.6 
where Mredis is the bending moment obtained from the numerical model and Melas is the 
theoretical bending moment determined from elastic analysis, assuming original uncracked 
flexural stiffness. The elastic bending moment (Melas) is calculated using Elastic Theory. It 
is worth noting that it is assumed that the beam is fully reinforced against shear so that no 
shear failure occurs throughout the loading process since possible shear failure lies outside 
the scope of this thesis. 
 
3.3 Advantages 
As explained previously, the aim of producing the analytical model is to assist in assessing 
moment redistribution for design purposes by logically following basic structural mechanics 
instead of relying on calculation of rotation capacity or curvature ductility. As a general 
picture, the advantages of the developed analytical model are: 
1- Moment redistribution is tracked at any stage of loading; 
2- All changes in the beam, such as crack initiation, steel yielding, FRP debonding/rupture 
or concrete crushing are considered by using Moment-Curvature relationship and no 
explicit assumption is required about ‘plastic’ behaviour; 
3- Any material model or values for the properties of the constitutive materials can be 
accommodated in the analytical model; 
4- The position and degree of softening (due to concrete cracking, concrete softening 
and/or steel yielding) is determined along the beam during loading; 
5- Any geometry, dimensions, loading arrangements and strengthening configurations can 
be used, even if asymmetric. 
 
3.4 Preliminary analytical investigation 
In this section, the preliminary outcomes of using the model are presented for a typical 
concrete beam. Figure 3.6 shows the geometry of the beam and specifications of the 
selected rectangular cross-section which is constant along the beam, except reversed in 
the hogging region. The only variables are the quantity of FRP and location of the 
strengthening materials applied. Two similar concentrated loads are applied to both mid-
spans. 
 




Figure 3.6: A typical example: beam geometry and specifications of cross-section 
 
The M-K relationships computed by the model for various quantities of FRP laminates are 
indicated in Figure 3.7. As shown, FRP debonding occurs before concrete crushing in the 
sections having little amount of FRP (i.e. lines B, C and D) causing those sections to follow 
line A after debonding, while in contrast, concrete crushing occurs prior to FRP debonding 
in the sections having much more FRP material (i.e. lines F and G) causing the plastic 
plateau to gradually drop to zero at the end due to the lack of concrete to withstand 
compression.  Line E shows the balanced failure. In the following sections, the results of 
moment redistribution are presented for different strengthening configurations. 
 




































Chapter 3: Analytical model 
40 
 
It is worth noting that the ‘Elastic’ part of the Moment-Curvature relationship, after cracking 
initiates, is not perfectly linear but slightly curved due to the fact that the stress-strain 
relationship chosen for the concrete is parabolic (not linear), and also, due to progressive 
cracking within the tension zone which gradually reduces the original stiffness, as the 
curvature increases. 
 
3.4.1 Hogging-zone strengthening 
In this case, the beam is only strengthened within a specific limited length over the middle 
support to increase the moment capacity of the hogging region (Figure 3.8). Therefore, line 
A (in Figure 3.7) represents the Moment-Curvature relationship of the sagging zones and 
lines B to G would represent the Moment-Curvature relationship of the hogging zone, 
depending on the quantity of FRP.  
 
Figure 3.8: Hogging zone strengthening (a schematic geometry) 
Without any FRP strengthening, the hogging zone would be the first region to near its 
moment capacity (because of the loading arrangement which leads to a high hogging 
moment over the central support), and bending moment would be redistributed from the 
hogging zone to the sagging zones. However, if the hogging zone is strengthened with FRP 
heavily, moment redistribution may occur somewhat differently. Figure 3.9 shows the level 
and direction of moment redistribution for the beam strengthened in the hogging zone for 
different quantities of FRP. 
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As seen from the graph, FRP-strengthening of the hogging zone, from where redistribution 
is supposed to initiate, dramatically reduces the percentage of moment redistribution, as 
expected, since the hogging zone is no longer ductile enough to provide sufficient rotation 
for full redistribution. Nonetheless, it is observed that some moment redistribution can still 
occur to a modest extent.  Also, the results show that as the quantity of FRP in the hogging 
zone increases, the degree of bending moment redistributed from the hogging zone to the 
sagging zone reduces such that, for higher amounts of FRP, the sagging zone will reach 
its moment capacity before the hogging zone does and bending moments will be 
redistributed from the sagging to the hogging zone instead.  
 
3.4.2 Hogging and sagging-zone strengthening 
In this case, both hogging and sagging regions are strengthened using FRP materials 
(Figure 3.10) even though this scheme would never be recommended in practice. The 
reason for which is further discussed in Chapter 4. Since relative proportions of sagging 
and hogging strengthening are important, three categories are considered: 
 
 
Figure 3.10: Hogging and sagging zone strengthening (a schematic image) 
 
Category 1: 
In this category, it is assumed that both hogging and sagging are strengthened using equal 
quantities of FRP. Figure 3.11 illustrates the results, and as can be seen, it is again feasible 
to redistribute bending moments from the hogging zone to the sagging zone. Indeed the 
moment redistribution is more than that which was found to occur in the previous case when 
the beam was strengthened only in the hogging zone. The reason for this is that the sagging 
zone is stiffer in this case causing the internal steel reinforcement to yield at a lower load in 
the hogging zone, with further bending moment being redistributed into the stiffer zone.  
Also, as can be seen in Figure 3.11, the higher the quantity of FRP which is added, the less 
is the potential for moment redistribution. 








In this group, the sagging zones are lightly strengthened using FRP, while the hogging zone 
is strengthened heavily. It is expected that the redistribution behaviour should be similar to 
the case described in Section 3.4.1. The result confirms this, as shown in Figure 3.12. 
 
Figure 3.12: Moment redistribution out of the hogging zone, when the sagging zone is 
strengthened lightly and the hogging zone heavily 
The result indicates that adding FRP reduces the potential for moment redistribution in 
general, compared to the unstrengthened beam situation. Moreover, increasing the quantity 
of FRP in the hogging zone, while retaining a constant amount in the sagging zone, 
decreases the potential for moment redistribution from hogging to sagging such that if FRP 
strengthening in the hogging zone proves to be too heavy, moment redistribution will 


































































AfrpHog= 65 mm2 & AfrpSag= 65 mm2
AfrpHog= 130 mm2 & AfrpSag=65 mm2








In this category, it is assumed that the hogging zone is lightly strengthened using FRP while 
the sagging zone is strengthened heavily. Figure 3.13 illustrates the results and, as 
expected, although lower than in the unstrengthened beam, moment redistribution is 
feasible to a significant extent.  
 
Figure 3.13: Moment redistribution out of the hogging zone when the sagging zone is 
strengthened to a greater extent than the hogging zone 
The results indicate that bending moments are always redistributed from the hogging zone 
to the sagging zone in this case, which is expected from the loading arrangement and 
strengthening configuration. As seen, adding further FRP to the sagging zones while 
retaining a relatively low strengthening ratio in the hogging zone causes further bending 
moments to be redistributed out of the hogging zone, into the sagging region. This finding 
might appear to be contrary to the common perception that the more FRP that is used, the 
lower the ductility, but in fact, this phenomenon makes good sense as the moment capacity 
in the sagging zone is increased, thereby assisting further moment redistribution since it 
provides higher moment capacity in the zone into which bending moments are redistributed. 
This is validated experimentally, as described in later chapters. 
 
3.4.3 Sagging-zone strengthening 
In this configuration, which is the most common strengthening scheme in practice, the beam 
is only strengthened on the soffit of the beam in both spans to increase the bending moment 
capacity of the sagging region (Figure 3.14). Therefore, line A (in Figure 3.7) represents 
the Moment-Curvature relationship for the hogging zone, and the other lines (i.e. B to G) 
represent the Moment-Curvature relationships for the sagging zones, depending on the 














































Figure 3.14: Sagging zone strengthening (a schematic geometry) 
The analytical model used to quantify the degree of moment redistribution in this case was 
not successful in finding the distribution of bending moments after the steel bars yield in the 
hogging zone, although the bending moments were appropriately calculated prior to steel 
yielding. The problem here is that in this specific case, the plastic plateau of the M-K 
relationship related to the hogging zone is almost a horizontal line (line A in Figure 3.7), 
making it difficult or impossible to define a unique and accurate curvature for a given 
moment. Hence, the analytical model requires a non-horizontal plastic plateau to be able 
to complete the computational iteration required for the calculation of bending moments, 
described in Section 3.2.2. To overcome this problem, an alternative approach was 
developed, as described below. 
While the beam is behaving elastically, the same numerical method and calculations, as 
described in Section 3.2.2, are applied. Once the steel reinforcement yields in the hogging 
zone, this unstrengthened zone reaches loses the required stiffness, which means extra 
bending moment must be redistributed to the other zones (i.e. sagging zones) upon further 
load increase. Accordingly, from this point on, the model finds the distribution of bending 
moments across the beam through equilibrium. This is undertaken by knowing the full 
plastic moment capacity of the hogging zone, the beam’s geometry, and the load value at 
any load increment until failure. At each load increment, the sagging zone bending moment 
is calculated using Equations 3.7 to 3.9, and then, this new bending moment is compared 
with the ultimate moment capacity of the sagging zone. If the calculated bending moment 
is yet smaller than the ultimate capacity (Mcap-sagging), the applied load is again increased 
until the sagging zone reaches its full moment capacity. Now, moment redistribution is 
easily calculated by knowing the ultimate failure load. Figure 3.15 schematically shows the 
alternative approach. The complementary results are presented in Chapters 8 and 9. 
 
 
Figure 3.15: Alternative approach to find BMD in beams with unstrengthened critical zone 
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𝑅1 × 𝑙 − (𝑃 ×
𝑙
2







                                                     Eq 3.8 









                               Eq 3.9 
         𝐼𝑡 𝑖𝑠 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑒𝑑 𝑡ℎ𝑎𝑡: 𝑀(𝑠𝑎𝑔𝑔𝑖𝑛𝑔) ≤ 𝑀𝑐𝑎𝑝(𝑠𝑎𝑔𝑔𝑖𝑛𝑔) 
where, 
R1 is the exterior support reaction; 
l is the length of each span; 
P is the applied load; 
Mcap-hogging is the moment capacity of the hogging zone; 
Mcap-sagging is the moment capacity of the sagging zone; 
M-sagging is the sagging zone bending moment at each load increment. 
Considering the results of Category 3, described in Section 3.4.2, it is clear that if only the 
sagging zone is strengthened with FRP, a higher degree of moment redistribution should 
result compared with the unstrengthened control beam, since the strengthened beam has 
both sufficient curvature ductility (and rotation capacity) in the hogging zone from which 
moment redistribution initiates, and higher moment capacity in the sagging zones which 
allows further bending moment to be redistributed from the hogging zone to the sagging 
zone. This is verified experimentally in Chapters 6 and 7. 
 
3.5 Possible failure modes 
The final degree of moment redistribution strongly depends on the mode of failure which 
occurs in a continuous strengthened concrete beam during loading. Using the analytical 
model and considering the Moment-Curvature relationships of the critical sections in the 
beam, several possible failure modes have been identified, affecting the level of moment 
redistribution: 
Case 1: Hogging-zone strengthening only.  
The possible failure modes are: 
1 (a): Concrete crushing or FRP rupture in the hogging zone before FRP debonding 
occurs in the same zone (which is ideal for moment redistribution since the strengthened 
section reaches its moment capacity, but it rarely happens in reality). 
1 (b): FRP debonding in the hogging zone before concrete crushing or FRP rupture 
occurs in the same zone (which is the most common failure mode). 
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1 (c): Concrete crushing in the sagging zone before either FRP debonding or concrete 
crushing occurs in the hogging zone (which only occurs if a very large amount of FRP is 
used in the hogging zone).  
In terms of moment redistribution capacity, Mode 1 (a) is the best case scenario since 
the critical section reaches its ultimate strain but moment redistribution is also feasible 
in mode 1 (b) to some extent provided that debonding of the FRP could be delayed 
(using mechanical anchors). It is worth noting that a small amount of moment 
redistribution is expected in mode 1 (c) which will occur out of the sagging zone, into the 
hogging zone. 
 
Case 2: Hogging and sagging-zone strengthening.  
The possible failure modes are:  
2 (a): Concrete crushing or FRP rupture in the hogging zone before FRP debonding 
occurs in the hogging or sagging zones (which is ideal for moment redistribution but 
rarely occurs). 
2 (b): FRP debonding in the hogging zone before the debonding occurs in the sagging 
zone, assuming no concrete crushing occurs at any point (which is common in practice 
but not desirable since it considerably reduces the chance of moment redistribution). 
2 (c): FRP debonding in the sagging zone before debonding or concrete crushing occurs 
in the hogging zone (which occurs rarely unless a very small amount of FRP is added to 
the sagging zone while the quantity of FRP applied to the hogging zone is very large).  
Of these three failure modes, mode 2 (a) provides the highest degree of moment 
redistribution since the hogging zone reaches its full moment capacity, enabling the 
beam to redistribute bending moments out of the hogging zone , into the sagging zones. 
 
Case 3: Sagging-zone strengthening only.  
The possible failure modes are:  
3 (a): concrete crushing in the hogging zone before FRP debonding occurs in the 
sagging zone (which is ideal and will occur if the beam has been originally designed with 
moment redistribution in mind). 
3 (b): FRP debonding in the sagging zone before concrete crushing occurs in the 
hogging zone. The degree of moment redistribution is higher in Mode 3 (a) than that in 
Mode 3 (b) since in the latter, FRP debonding occurs before the hogging zone can reach 
its full moment capacity to start redistributing extra bending moments to the sagging 
zone. 
In conclusion, the mode of failure plays a major role in dictating the amount of bending 
moment which can be redistributed. Specifically, it is rational that if debonding of the FRP 
is prevented, the degree of moment redistribution will be higher as it allows the 
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strengthened beam to experience larger deformations. A practical solution to prevent 
premature debonding is to mechanically anchor the FRP.  
 
3.6 Effect of Anchorage 
If FRP is anchored, the ultimate strain in the FRP at beam failure will be larger, in general. 
Also, the mode of failure could change from FRP debonding to FRP rupture (or a much 
delayed debonding), or to concrete crushing. Accordingly, for the purpose of this preliminary 
investigation, the analytical model assumes a typical rupture strain of 0.015 (1.5%), instead 
of a typical debonding strain of 0.008 (0.8%), for the ultimate strain in the anchored FRP. 
Figure 3.16 illustrates the possible changes in the Moment-Curvature relationship for the 
example beam, described in Section 3.4 (Figure 3.6), when the FRP is anchored 
mechanically. 
  
Figure 3.16: Influence of anchorage on the M-K relationships for the example beam  
It is worth noting that, in a balanced section, both concrete in compression and FRP in 
tension fail at the same time while in an FRP under-reinforced section (i.e. a section which 
is retrofitted with a small quantity of FRP), the FRP fails prior to concrete crushing. Equally, 
in an over-retrofitted section, the concrete fails before the FRP debonds or ruptures. 
Therefore, as expected, anchoring the FRP extends the plastic plateau of the Moment-
Curvature relationship in concrete sections with low quantities of FRP. However, if the 
section is over-retrofitted (i.e. it has a large quantity of FRP), the anchorage system will be 
less effective if the quantity of FRP increases. The application of larger amounts of FRP 
can lead to a change in the mode of failure from FRP debonding to concrete crushing, which 
means that anchoring the FRP in such cases does not improve the ductility of the concrete 
section, however, this strengthening scheme is not common in practice, in general. 
Figure 3.17 demonstrates the influence of anchorage on moment redistribution in the beam 
described in Section 3.4.2, Category 3. The results indicate that anchoring the FRP 
increases moment redistribution but this increase strongly depends on the ratio of the 



































Figure 3.17: The influence of anchoring the FRP on moment redistribution 
This scenario has been examined experimentally by the author, as presented in Chapter 5, 
and is discussed further in Chapters 8 and 9. 
 
 
3.7 Preliminary verification 
The analytical model has been verified using existing experimental results by Ashour et al. 
(2004), Oehlers et al. (2004) and Aiello et al. (2011). Table 3.1 shows the details of these 
experimental programs including the specimens’ descriptions and retrofitting schemes.  
Table 3.1: Details of the experimentation conducted by Ashour et al. (2004), Oehlers et al. 
























H2* 150*250 3830 2T8 2T20 Hogging 6180 152 61.0 31.6 
H3* 150*250 3830 2T8 2T20 Hogging 18500 172 59.6 46.5 
H4* 150*250 3830 2T8 2T20 Hogging 30900 162 51.3 53.1 
H5* 150*250 3830 2T8 2T20 Hogging 18500 162 64.3 35.0 
H6* 150*250 3830 2T8 2T20 Hog&Sag 6180 172 70.2 28.3 
          
SF2** 375*120 2400 2T12 4T16 Hogging 8640 84 18.5 13.4 
SF3** 375*120 2400 2T12 4T16 Hogging 13800 82 17.9 13.3 
SF4** 375*120 2400 2T12 4T16 Hogging 10500 122 28.4 16.3 
          
S0-1# 150*200 1750 2T12 2T12 Hogging 5700 161 18.0 31.3 
S1-1# 150*200 1750 2T12 2T12 Hog&Sag 5700 211 27.4 34.0 
*Two-span concrete rectangular beams tested by Ashour et al. (2004). 
**Two-span concrete rectangular beams tested by Oehlers et al. (2004). 
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Comparison between the numerical and experimental results is illustrated in Figure 3.18. It 
is to be noted that the calculation of numerical results has been carried out using typical 
strain limits of 0.8% for FRP debonding, and 1.5% for FRP rupture, for the experimental 
investigation conducted by Ashour et al. and Aiello et al. due to a lack of additional 
experimental data, while the experimentally recorded strain of failure has been applied to 
the numerical model for the tests carried out by Oehlers et al. (as reported in the literature).  
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As observed, the analytical model provides a reasonably good estimate of the flexural 
behaviour of these FRP-strengthened continuous concrete beams, both in terms of ultimate 
load and hogging moments and also a good prediction for moment redistribution out of the 
critical zone. Further validation has been carried out by the author, and is presented in later 
chapters.  
 
3.8 Further development 
3.8.1 Curvature ductility capacity 
As described by Ibell and Silva (2004), curvature ductility (μ) of any cross-section in a 
concrete beam, whether strengthened or not, is defined as the ratio of the curvature at 




                                                                       Eq 3.10 
An FRP-retrofitted concrete continuous beam will show sufficient rotation capacity provided 
that the critical section, from which moment redistribution begins, has sufficient curvature 
ductility capacity. Figure 3.19 (b) schematically indicates the general relationship between 




Figure 3.19: Curvature ductility variations in a concrete section with various quantities of 
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Hence, curvature ductility of a concrete section plays a very important role in allowing the 
section and the adjacent region to rotate adequately and accommodate moment 
redistribution in the beam. The analytical model can easily quantify the curvature ductility 
(of any section along the length of the beam) and investigate the capacity of moment 
redistribution. This technique helps to understand the relationship between the curvature 
ductility of the critical sections and the behaviour of the continuous beam in moment 
redistribution. The outcomes are presented in Chapter 8. 
 
3.8.2 Load-Deflection relationship  
Another advantage of using the analytical model is that the deflected shape of an FRP-
strengthened continuous beam can be found at any loading stage. Using the Moment-Area 
method, the model calculates the rotation and deflection of each section along the length 
of the beam. As described by Coates et al. (1972), from the First Moment-Area theorem we 
know that if points A and B, two different points on a loaded beam, are distant x1 and x2 












 𝒅𝒙                                                           Eq 3.12 
Applying the appropriate limits of integration: 






                                            Eq 3.13 
 
Figure 3.20: Moment-Area theorems (after Coates et al., 1972) 
θ2 
θ1 
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Then, according to the Second Moment-Area theorem, the deflection is obtained by double 
integration of Eq 3.11: 
𝒚 = ∫ ∫
𝑴
𝑬𝑰
 𝒅𝒙 𝒅𝒙                                                      Eq 3.14 













𝒅𝒙                                   Eq 3.15 
The appropriate limits of integration are inserted: 






                                         Eq 3.16 
Utilising the above equations, the model can be used to numerically integrate along the 
length of the beam to gain the rotation and deflection at any section and at any stage of 
loading. The outcomes are presented in Chapter 8.  
 
3.9 Summary 
The analytical model, developed to quantify moment redistribution in FRP-strengthened RC 
continuous beams, has been described in detail in this chapter, indicating the advantages 
compared with existing approximate analytical methods described in the literature. The 
preliminary findings using the model have been presented for an example concrete beam, 
strengthened with FRP. Various strengthening configurations and FRP material quantities 
have been examined. The model has been verified against some existing experimental 
results available in the literature. The initial findings show that the model provides promising 
results and can quantify moment redistribution to a reasonably good accuracy.   
Moreover, the influence of mechanically anchoring the FRP has been theoretically 
examined using the analytical model. It is observed that anchorage can increase moment 
redistribution as it postpones FRP separation and improves the ductility of the retrofitted 
beam.  
Also, further development of the model was described indicating how Load-Deflection 
relationships can be found and how curvature ductility of an FRP-strengthened concrete 
section can be examined. In addition, longitudinal shear stress at the FRP/concrete 
interface (and how the model can quantify it) was explained. This assists in understanding 
when FRP may debond from the surface of concrete. 
After the preliminary analytical investigation of moment redistribution explained in this 
chapter, a comprehensive experimental program was carried out in this research. A 
complete description of the test program, including design of the test specimens, samples’ 
specifications, FRP-strengthening schemes and the anchoring techniques is provided in 








Moment redistribution in FRP-strengthened RC continuous beams was investigated 
theoretically in Chapter 3 using the developed analytical model. The results demonstrated 
that it is feasible to redistribute bending moments into and out of FRP retrofitted zones, 
depending on the quantity and configuration of strengthening materials. However, these 
analytical predictions need to be fully validated by appropriate experimentation. Described 
in this chapter are the aims, philosophy and configuration of the experiments which were 
undertaken. Two major test groups were adopted: concrete slabs and T-beams 
(representing combined slab/beam construction since rectangular concrete beams rarely 
exist in reality). In addition, the techniques used to anchor the FRP laminates are 
presented separately for the slabs and T-beams.  
4.2 Test aims 
In this research, the major purposes of the experiments are: 
1- To experimentally investigate moment redistribution in RC continuous beams when 
strengthened using FRP; 
2- To understand the restrictions on moment redistribution into and out of FRP-
strengthened regions; 
3- To examine the influence of various strengthening techniques on moment 
redistribution; 
4- To verify that the level of moment redistribution which is predicted theoretically 
matches that seen experimentally (both into and out of strengthened regions); 
5- To calibrate the analytical model (as necessary) to allow it to be applied to any 
concrete beam to quantify moment redistribution; 
6- To experimentally investigate the beneficial effect of anchoring FRP (as the analytical 
model suggests), or otherwise, on moment redistribution. 
 
4.3 Test design philosophy and layout 
The experiments were designed so that the above objectives could be fulfilled. The 
intention was to study moment redistribution in concrete slabs and T-beams, at a 
relatively realistic scale. Moreover, in addition to verifying the analytical model, the second 
aim was to experimentally examine the capacity for moment redistribution in FRP-
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strengthened continuous concrete beams. Hence, the specimens were designed to have 
a high upper-bound original moment redistribution capacity of at least 30% before FRP 
strengthening. This is in line with the literature which suggests that a conventional steel 
reinforced continuous concrete beam can show about 30% redistribution at the time of 
ultimate failure if it exhibits a perfectly plastic and ductile flexural behaviour.  
Another purpose of carrying out the experimentation was to investigate moment 
redistribution in asymmetric testing conditions (which are more common in practice and 
more realistic compared with symmetric conditions) to validate and calibrate the analytical 
model and better understand how bending moments are redistributed into and out of FRP-
strengthened zones. Accordingly, an asymmetric loading arrangement was adopted for 
the experiments. Depending on the strengthening configuration and beam orientation, this 
could represent various moment redistribution scenarios. Figure 4.1 schematically 
illustrates the geometry and loading arrangement of the test specimens. 
 
Figure 4.1: Schematic geometry and loading arrangement of the test specimens 
 
By adopting this type of loading, it is easier to track and quantify moment redistribution 
occurring in the beams since there is only one sagging region and one hogging region 
along the beam. Hence, it is simpler to understand how the first critical zone starts to 
redistribute bending moments to other zones due to stiffness reduction, and also to 
quantify the magnitude of bending moments which are redistributed until the second 
critical zone reaches its moment capacity. 
The overall length and dimensions of the test samples were chosen so as to guarantee 
the test aims were satisfied, and also for ease of laboratory handling and testing. To 
ensure that the specimens were able to accommodate at least 30% moment redistribution 
before FRP strengthening, the quantity of the internal tension steel reinforcement in the 
sagging zone was chosen to be almost half of the reinforcement amount in the hogging 
zone. This caused the unstrengthened moment capacity of the hogging zone to be almost 
double the unstrengthened moment capacity of the sagging zone. Using Elastic Theory, it 
is easily shown that, as seen in Figure 4.2.a, the magnitude of the elastic bending 
moment in the sagging zone is almost as twice as large as that in the hogging zone. This 
is due to the loading arrangement which has been selected for the test specimen. 
Accordingly, the sagging zone is the first point to reach its moment capacity (Mc). Further 
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load increase subsequently causes the hogging zone to reach its moment capacity (2Mc) 
too, as shown in Figure 4.2.b, at which point ultimate failure will occur.  
 
Figure 4.2.a: Elastic distribution of bending moments in the given beam 
 
Figure 4.2.b: Distribution of bending moments at ultimate state in the given beam 
As noted, it is assumed that the moment capacity of the hogging zone is double the 
moment capacity of the sagging zone in the beam: 
𝑴𝒔𝒂𝒈 = 𝑴𝒄             𝑎𝑛𝑑              𝑴𝒉𝒐𝒈 = 𝟐𝑴𝒄                                      Eq 4.1 











+ 𝟐𝑴𝒄 = 𝟎
                                                           Eq 4.2 
Where: 
𝑴𝒄 is the moment capacity of the sagging zone; 
𝑴𝒔𝒂𝒈 is the sagging bending moment; 
𝑴𝒉𝒐𝒈 is the hogging bending moment; 
𝑹 is the reaction at the left support; 
𝒍 is the clear length of span; 
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and 𝑷𝒖 is the ultimate failure load. 




+ 𝟐𝑴𝒄 = 𝟎                                                   Eq 4.3 
which gives:     
                                                𝑷𝒖 =
𝟖𝑴𝒄
𝒍
                                                                Eq 4.4 
From the elastic bending moment diagram we know that:  
𝑴𝒔𝒂𝒈 = 𝟎. 𝟐𝟎𝟑𝑷. 𝒍                                                            Eq 4.5 
Therefore: 
    𝑴𝒆𝒍𝒂𝒔 = 𝟎. 𝟐𝟎𝟑𝑷𝒖𝒍 = 𝟎. 𝟐𝟎𝟑 ×
𝟖𝑴𝒄
𝒍
× 𝒍 = 𝟏. 𝟔𝑴𝒄                                  Eq 4.6 
Consequently: 
Potential maximum MR (%)= 𝟏𝟎𝟎 × (𝟏 −
𝑴𝒓𝒆𝒅𝒊𝒔
𝑴𝒆𝒍𝒂𝒔
) = 𝟏𝟎𝟎 × (𝟏 −
𝑴𝒄
𝟏.𝟔𝑴𝒄
) ≅ 𝟑𝟔%         Eq 4.7 
The above calculations are indicative and just for the case of constant flexural stiffness 
along the length of the beam. Therefore, the moment redistribution capacity may be 
slightly different in the given beam since the flexural stiffness is not constant. This is due 
to the fact that the internal reinforcement ratio is not identical in the hogging and sagging 
regions. Also, due to the asymmetric cross section, the flexural stiffness is not constant in 
T-beams. Nonetheless, the different reinforcement ratios in the hogging and sagging 
zones are designed such that a moment redistribution of at least 30% is expected for the 
control specimen (which is not retrofitted with FRP). 
Accordingly, the following dimensions and steel reinforcement quantities were adopted for 
the slab specimens and T-beams respectively (as shown in Figure 4.3): 
 
Figure 4.3: Sample specifications: left) slabs     right) T-beams 
Furthermore, it was decided to use various FRP strengthening materials and techniques 
for different parts of the T-beams according to what is most common in practice. For the 
slabs, the strengthening system of externally resin-bonded CFRP sheet was adopted. 
Figure 4.4 shows a general image of this strengthening technique. 




Figure 4.4: Externally bonded CFRP sheet using epoxy resin 
For the T-beams, two different strengthening techniques were adopted for the sagging 
and hogging zones in this experimental program: externally adhesive-bonded CFRP plate 
and Near Surface Mounted (NSM) CFRP tape. In the latter method, tapes (or bars) of 
FRP are inserted into slots which are cut in the concrete cover and half-filled with epoxy 
resin. Due to the T-shaped cross-section of the beams (which shows the placing of slab 
on beam in reality), the hogging and sagging zones were strengthened in different ways. 
For example, the web soffit in the sagging zone was strengthened using externally 
adhesive-bonded CFRP plate, while the outer flange in the hogging zone was 
strengthened using Near Surface Mounted (NSM) CFRP tape.  
It is worth noting that in the NSM retrofitting, the CFRP tapes must be placed towards the 
outer edges of the flange and not in the centre directly above the web, since if this was a 
realistic beam, a column at the mid-support would likely be located through this point. 
These strengthening schemes are compatible with common practice. 
To experimentally investigate to what extent bending moments are redistributed into and 
out of FRP-strengthened zones, various retrofitting configurations were designed, 
including sagging zone strengthening only, hogging zone strengthening only, and 
simultaneous sagging and hogging zone strengthening. Considering the loading 
arrangement and testing conditions adopted for the T-beams, and because the sagging 
and hogging zone bending moments were so vastly different over the loading cycle (as 
shown in Figure 4.2.a), moment redistribution was only possible in one direction (i.e. from 
sagging to hogging). Therefore, as the sagging zone was only strengthened with 
externally-bonded CFRP plate, it would not be possible to quantify moment redistribution 
out of the hogging zone which was strengthened with NSM carbon tape. However, this 
problem did not exist in the slabs as the adopted cross section and strengthening scheme 
were similar in both sagging and hogging zones in slabs. 
To solve this problem and to investigate the effectiveness of NSM FRP strengthening 
technique in redistribution of bending moments, the T-beams were tested in two different 
groups of normal upright position and upside-down position. In the group of upside-down 
position, as shown in Figures 4.5 and 4.6, the flange was placed below the web which 
allowed the outer flange in the sagging zone to be strengthened using NSM carbon tape. 
In this case, the hogging zone was strengthened using externally-bonded carbon plate. 
This trick allowed to examine and quantify experimentally the degree of bending moment 
which was redistributed out of the NSM retrofitted sagging zone.  
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 T-series: in this group (Figure 4.5-left), the beams were tested in the normal upright 
position (T position) which means that the flange was on top of the web. In order to 
strengthen the hogging region, the outer flange was strengthened using the NSM 
technique and for the sagging region strengthening, the soffit of the web was plated 
externally (Figure 4.6-left). As noted before, it was possible in this group to only 
examine bending moments which are redistributed out of the CFRP-plated sagging 
zone, or into the NSM-strengthened hogging zone or both cases at the same time. 
 U-series: in this group (Figure 4.5-right), the beams were tested in an upside-down 
position which means that the web was on top of the flange. Therefore, the sagging 
zone was strengthened by the NSM method in the outer flange, and the hogging zone 
was strengthened using the FRP plate which was bonded on top of the web (Figure 
4.6-right). This allowed moment redistribution to be examined and quantified out of the 
NSM-strengthened sagging zone, or into the FRP-plated hogging zone or both cases 
at the same time. 
 
Figure 4.5 shows the cross-sections, and Figure 4.6 illustrates the strengthening details of 
both groups of T-beams in the sagging and hogging zones. 
 
Figure 4.5: Test specimens’ cross sections: left) T-series     right) U-series 
 
Figure 4.6: Strengthening details of T-beams: left) T-series    right) U-series 
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When designing the test specimens, there was a further issue which was not investigated 
since it was beyond the scope of the current project.  This was the effect of transverse 
shear near the central support. When a continuous concrete beam is flexurally 
strengthened with FRP, the risk of shear failure is increased. This is due to the fact that 
the bending moment-to-shear ratio is relatively high in value at these regions, compared 
to simply supported beams. It means that in continuous beams, high bending moments 
often occur where there is high shear as well. Accordingly, progressive flexural cracking 
at interior supports or at the load positions weakens the beam in shear and, consequently, 
shear failure can occur at lower loads than anticipated. Since shear failure was not 
desired during testing, all the test samples were fully reinforced against this possibility 
through the use of internal steel shear links. In reality, additional FRP shear strengthening 
may be necessary.  
Furthermore, Denton (2007) recommends that simultaneous strengthening of the hogging 
and sagging zones should not be undertaken in continuous concrete beams. This is 
because if the existing bending moment at a particular point along the strengthened 
continuous beam is under-estimated, due to possible movements of the structure’s 
supports, the actual bending moment at that strengthened location could exceed its 
moment capacity, resulting in undesired premature debonding. Such failure hence would 
cause the beam to redistribute bending moments to other regions which successively 
could result in failure somewhere else. In contrast, if only one of them (either the hogging 
or sagging zone) were strengthened, the total bending moment capacity of the 
strengthened point would be precisely calculated for any possible redistribution into or out 
of it. Therefore, the beam could be strengthened even without any need to precisely know 
the original bending moment diagram. Nevertheless, as part of the test program, the 
author designed and tested some specimens which were strengthened both in sagging 
and hogging zones simultaneously, in order to fully understand how different 
strengthened zones behave in redistributing bending moments into and out of the critical 
sections. 
In order to design the details of the strengthening schemes for the test specimens (i.e. to 
calculate the length and exact locations of the FRP material), a similar method was used 
for both the slabs and T-beams. For similarity of the experiments in each test group, the 
strengthening scheme was designed based on the worst case scenario, requiring the 
highest quantity of FRP material. This FRP quantity was subsequently used for all of the 
samples in the same test group.  
Accordingly, and since the dimensions of the cross sections had already been adopted for 
the FRP, the original unstrengthened bending moment capacity of the beam was 
calculated for both the sagging and hogging zones to determine the required length of 
FRP material. Using the analytical model, the highest possible moment capacity of the 
sagging and hogging zones were computed, when strengthened with FRP. This was 
based on the assumption that the critical strengthened section would fail by FRP rupture. 
Figure 4.7 shows the strengthening design for the test specimens. The comparison 
between the original moment capacity of the critical section and the analytical increased 
moment capacity of the section after FRP strengthening determines the theoretical length 
required for the FRP in both the sagging and hogging zones. 
 
 










b) Design of FRP-strengthening scheme for the T-beams (T-series) 
 





c) Design of FRP strengthening scheme for the T-beams (U-series) 
Figure 4.7: Design of FRP strengthening schemes for the test specimens 
As illustrated in Figure 4.7 and mentioned above, the theoretical required length of FRP 
materials and the exact location of their installation were found for each specimen (for 
both hogging and sagging zone strengthening separately) through specifying the original 
moment capacity of the critical sections and comparing it with their potential increased 
moment capacity after the application of FRP. It should be noted that the total length of 
the FRP adopted for the strengthening scheme was the required theoretical length plus 
an additional anchorage length at both ends.  
According to the literature (TR55, 2012), sufficient FRP end anchorage must be supplied 
to the original length of the strengthening materials to ensure low longitudinal shear 
stress. In fact, the anchorage length improves transfer of longitudinal shear stress 
between FRP and concrete by increasing the bond area. This requirement was provided 
in the test specimens by extending the length of FRP composites beyond that which was 
theoretically required, by an amount 𝒍𝒂𝒏𝒄𝒉. This action ensured that FRP material was 
terminated in a zone where the flexural behaviour was elastic, rather than in a yield zone 
undergoing non-linear behaviour. Due to the slight difference between the anchorage 
length required for the hogging and sagging zone FRP sheet in the slabs, a similar length 
of the FRP was adopted and used for those critical zones, as shown in Figure 4.7.a. 
According to TR55 (2012), the maximum end anchorage length for externally bonded 
FRP, 𝑙𝑎𝑛𝑐ℎ, required to activate the corresponding ultimate bond force, is calculated as 
follows: 
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𝒍𝒂𝒏𝒄𝒉 ( 𝒎𝒎) = 𝟎. 𝟕 × √(
𝑬𝒇𝒅.𝒕𝒇
𝒇𝒄𝒕𝒌
)                                              Eq 4.8 
Where: 
𝑬𝒇𝒅 = Design elastic modulus of the FRP (MPa) 
𝒕𝒇 = FRP thickness (mm) 
𝒇𝒄𝒕𝒌 = Characteristic tensile strength of concrete (MPa) 
Similarly for NSM FRP strengthening, TR55 (2012) recommends an end anchorage 
length (𝑙𝑎𝑛𝑐ℎ_𝑁𝑆𝑀) defined as: 
𝒍𝒂𝒏𝒄𝒉_𝑵𝑺𝑴 ( 𝒎𝒎) = 𝟎. 𝟏𝟑𝟓 × 𝒃 × √(
𝑬𝒇𝒅.𝑨𝒇
𝒇𝒄𝒕𝒌
)                                   Eq 4.9 
Where: 
𝑬𝒇𝒅 = Design elastic modulus of the FRP (MPa); 
𝑨𝒇 = FRP area (mm
2); 
𝒇𝒄𝒕𝒌 = Characteristic tensile strength of concrete (MPa); 
𝒃 = Effective perimeter of notch (mm). 
 
4.4 Anchorage systems 
As stated in Section 4.2, one of the objectives of this research is to find out what effect 
anchoring the FRP has on moment redistribution. At the time of the test design, the belief 
was that an adequate anchorage of the FRP strengthening system can substantially 
improve the ability of the strengthened beam to redistribute bending moments. This is 
because anchored FRP will reach higher strains prior to failure (either by rupturing or 
debonding), thus allowing the strengthened beam to experience greater deformations at 
failure. Moreover, it was expected that the experimental investigation of anchoring the 
FRP may assist in understanding the effect of discrete anchorage lengths on the 
uniformity of stiffness variations along the beam.  
The slab specimens retrofitted using externally-bonded CFRP sheets were anchored 
using FRP spike (fan) anchors, as shown in Chapter 5, Figures 5.15 and 5.16. Research 
(Eshwar et al., 2005; Smith et al., 2011) has shown the effectiveness of fan anchors in 
enhancing the robustness, strength and deflection of strengthened beams. This technique 
is relatively new but has been used in practice. Fan anchors are usually inserted vertically 
into the concrete substrate to provide extra axial resistance for the FRP sheet to hinder 
further crack opening when the FRP sheet debonds. According to the recommendations 
of Smith et al. (2011), the number and positions of the anchors, and size of the fan fibres, 
were determined so that the CFRP sheet was fully anchored. Figure 4.8 illustrates the 
anchorage system layout which was used for the slabs. The fan anchors were hand-made 
and the method of manufacture is described in Chapter 5. 




Figure 4.8: Layout of the fan anchor installation 
In the T-beams, no mechanical anchorage system was used for the NSM FRP-
strengthened sections since CFRP tapes were inserted into the slots and fully surrounded 
with epoxy resin. The NSM technique using FRP tape is known to provide excellent bond 
allowing high strains to be achieved (Kalupahana, 2009). However, the externally bonded 
CFRP plates were anchored using the verified discrete U-wrap system made of CFRP 
sheet. U-wrap anchors can cause the FRP plate to remain attached to the concrete, 
which in turn, delays (or prevents) FRP debonding. In this experimental program, 
transverse U-wraps were located at both ends and also throughout the whole length of 
the FRP plates to guarantee a full anchorage system.  
U-wraps can be installed either perpendicularly, relative to the longitudinal axis of the 
plate/beam, or inclined. Since research (Lee, 2010) has shown that angled U-wrap is 
more effective in preventing FRP debonding, the U-wraps were installed on both sides of 
the web at an inclination of 450, to anchor the CFRP plate in the T-beams (Figure 4.9). In 
this research, a similar CFRP sheet to that used to strengthen the slabs was utilised for 
the construction of the U-wraps. The method of construction and installation is described 






a) 900 angle     b)  450 angle 
Figure 4.9: Schematic layout of the U-wrap anchors: a) 900 angle b) 450 angle 
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4.5 Test samples: specifications and differences 
To experimentally investigate moment redistribution, 19 test specimens (including 7 two-
span slabs and 12 two-span T-beams) were designed, cast, strengthened and tested. The 
T-beams were divided into two groups: 6 specimens in the T-series and 6 specimens in 





The experimentation was conducted for 7 two-span slabs including one unstrengthened 
control sample and 6 FRP-strengthened samples. Table 4.1 shows the strengthening and 
testing schemes of the slabs. 
 













S1 Slab Control (no FRP) N/A - N/A 
S2 Slab Sagging zone only CFRP sheet 11400 - 
S3 Slab Sagging zone only CFRP sheet 11400 
Fan 
anchors 
S4 Slab Hogging zone only CFRP sheet 11400 - 














Also, Figure 4.10 schematically illustrates the test layout and strengthening schemes for 
each slab specimen. 
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Sagging strengthening + anchorage 
Hogging strengthening 
Hogging strengthening + anchorage 
Hogging and sagging strengthening 
+ anchorage 
Hogging and sagging strengthening + anchorage 




The experimentation was conducted for two groups of T-beams. In the T-series, six two-
span beams were tested including one unstrengthened control beam and five FRP-
strengthened beams. Table 4.2 shows details of the strengthening and testing schemes 
for the upright T-beams. 













T1 T-beam Control (no FRP) N/A - N/A 
T2 T-beam Sagging zone only CFRP plate 9900 - 
T3 T-beam Sagging zone only CFRP plate 9900 U-wrap 
T4 T-beam Hogging zone only NSM CFRP tape 9100 - 
T5 T-beam Sagging and Hogging 
CFRP plate (sag) 




T6 T-beam Sagging and hogging 
CFRP plate (sag) 





Also, Figure 4.11 illustrates schematically the test layout and strengthening schemes for 
each specimen of the T-series. 
 
U-series 
In the U-series, six two-span T-beams were tested in the upside-down position, including 
one unstrengthened control beam and five FRP-strengthened beams. Table 4.3 shows 
details of the strengthening and testing schemes of the U-series. 













U1 T-beam Control (no FRP) N/A - N/A 
U2 T-beam Sagging zone only NSM CFRP tape 9100 - 
U3 T-beam Hogging zone only CFRP plate 9900 - 




CFRP plate (hog) 







CFRP plate (hog) 





Also, Figure 4.12 schematically illustrates the test layout and strengthening schemes for 
each specimen of U-series. 
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Figure 4.11: Testing layout of the T-series 
NSM tape 
CFRP plate 
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Figure 4.12: Testing layout of the U-series 
NSM tape 
CFRP plate 





The experimentation objectives of the current research have been described in this 
chapter. The experimental program comprises testing of large scale continuous concrete 
specimens including seven slabs and twelve T-beams (in two groups of six).  The 
philosophy and details of the test design have been explained in detail. All specimens 
were designed to ensure that large potential moment redistribution was possible in the 
unstrengthened situation in order to offer a clear picture of moment redistribution 
possibilities in the strengthened cases. The strengthening techniques, materials and 
design of the strengthening schemes applied in each case has been thoroughly 
described. 
In addition, the different anchorage systems used for the slabs and T-beams have been 
explained. Fan anchors were used in the slabs to anchor CFRP sheet, and discrete U-
wraps were used to anchor the CFRP plate in the T-beams. These anchorage systems 
are consistent with current practice. A schematic layout of each test specimen has been 









The possibility of moment redistribution in FRP-strengthened RC structures was 
examined theoretically in Chapter 3. To verify the theoretical predictions, an experimental 
program has been conducted. A detailed description of the experimental program, 
including material properties, test preparation, FRP anchorage system, and test-rig set 
up, etc., is presented in this chapter. The test samples were slabs and T-beams, which 
are the most common flexural concrete members in practice. These are used to validate 
the analytical model and assess the amount of moment redistribution possible under 
various scenarios, as discussed further in Chapters 8 and 9. 
 
5.2 Slab-shaped specimens 
As described in Chapter 4, seven slab specimens were designed as part of the 
experimental program. Figure 5.1 shows the cross section of the slabs which was the 
same along the length of each specimen. The overall length of each slab was 4m. The 
dimensions were carefully and optimally adopted so that the slabs were neither too slim 
and fragile nor too large and heavy for handling in the labs before and during testing. 
             
Figure 5.1: Slab specimens’ cross section 
The adopted arrangement of the longitudinal steel bars at the top and bottom allowed 
30% moment redistribution capacity, from the sagging zone to the hogging zone, in the 
unstrengthened control specimen. The slabs were fully reinforced against shear using 
3mm diameter double closed stirrups placed at 70mm centres along the slab length to 
ensure that no shear failure occurred before the expected flexural failure. Although slabs 
are not usually reinforced against shear in reality, theoretical calculations during the 
design process indicated that for the particular geometry chosen for the slabs, there 
would be a risk of shear failure, under heavy FRP strengthening, if no shear links were 
provided internally.  
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5.2.1 Material properties 
This section provides details of the characteristics of the constitutive materials utilised in 
the experiments. The major relevant materials in the test samples included: concrete, 
steel reinforcement, CFRP composites and epoxy resin. The actual measured properties 
will be used later for further analysis and comparisons with the analytical model. 
 
Concrete 
Because of the concrete volume required for each slab, all slabs were cast together using 
ready mixed concrete. Consequently, all slabs had an identical concrete quality which was 
ideal in terms of test consistency. The ready mixed concrete was ordered to be grade 
C30/37, which meant a 30MPa target compressive cylinder strength and 37MPa 
compressive cube strength. This concrete grade is similar to the concrete which is used 
for slabs in practice. Also, the concrete was ordered for an S3 target slump class (in the 
range of 120 to 150 mm), to ensure high workability for ease of placing and compacting 
the fresh concrete. The mix proportions of the constitutive materials, provided by the 
supplier (WrightMiniMix Ltd.), are presented in Table 5.1. 
 
Table 5.1: Characteristics of the ready mixed concrete ordered for the slabs 
Materials Mix Design (kg/m3) Description 
Cement 185 SR 42.5L 
Replacement 185 GGBS 
Coarse aggregate 990 4-10 mm (Limestone) 
Fine aggregate-1 449 0-4 mm (Limestone) 
Fine aggregate-2 426 0-2 mm (FP Sand) 
Free water 193 - 
Admixture (ml/100kg) 700 WRDAP4 
Sulphate SO3 1.87 - 
Alkali content 1.32 - 
Chloride Ion content (%) 0.06 - 
 
The maximum size of the coarse aggregate was limited to 10 mm because of the low 
concrete cover which was adopted at the bottom and sides of the slabs. Concrete cubes 
and cylinders were cast to measure the compressive strength at specific ages. The 
dimensions of the cubes were 100mm×100mm×100mm and the cylinders were 100mm in 
diameter and 200mm in height, as illustrated in Figure 5.2. 




Figure 5.2: Concrete cubes and cylinders cast for compressive strength test 
The compressive strengths of the slabs were measured by crushing the cubes and 
cylinders on specific days before and on the day of testing of each specimen separately. 
The compression tests were accomplished using a Controls Automax 5 (2000kN) cube 
tester, in accordance with BS EN 196-1, at a loading rate of 500kPa/s. Table 5.2 shows 
the strength test results for each slab specimen. 










S1 29.4 36.2 38.6 33.6 
S2 - - 38.0 33.7 
S3 - - - - 
S4 - - 38.7 33.0 
S5 - - 39.4 - 
S6 - - - 34.0 
S7 - - 38.1 - 
As indicated by these results, the slabs had a consistent concrete quality since they all 
were made of the same batch of ready mixed concrete.  
 
Steel  
The specimens were flexurally reinforced using 8mm and 12mm diameter high-yield 
deformed steel bars at the bottom and top of the beam respectively. Material property 
tests were conducted for the reinforcing bars using a number of small samples from the 
same batch of steel, tested in tension, as shown in Figure 5.3. 
   
Figure 5.3: Tensile testing of steel bars 
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A single Y-FLA-5 electric strain gauge was installed at the centre of each bar sample to 
measure the corresponding strain. A sample of stress-strain characteristics of the 
longitudinal bars determined from the tensile tests are shown in Figure 5.4. Three tensile 
tests were conducted for each bar size, and the testing was deliberately terminated after 
yielding of the steel reinforcement in each test. The average yield strength and tensile 
Young’s Modulus measured were 575MPa and 200Gpa respectively.  
           
Figure 5.4: Stress-strain characteristics of the 8mm and 12mm diameter steel bars 
All slabs, as noted before, were reinforced against any possible shear failure using closed 
stirrups. The stirrups were made of high-yield strength 3mm diameter smooth steel wire. 
To determine spacing of the shear links, a material property test was conducted for the 
3mm diameter wire as well. The result, as seen in Figure 5.5, indicates a value of 
approximately 710 MPa for the yield strength. 
 
Figure 5.5: Stress-strain characteristic of 3mm diameter smooth steel wire 
 
CFRP sheet 
One type of CFRP sheet (FORMAX-FCIM230, UK) was adopted for both the wet lay-up 
FRP strengthening and the anchorage systems (for consistency of the strengthening 
system). The sheet had a nominal thickness of 0.16mm and a width of 500mm. If a 
pultruded CFRP plate was to be used for the strengthening scheme, a fan anchor would 
not be adopted for the anchorage system because the plate would have to be drilled 
through before inserting the anchors, causing mechanical damage to the plate fibres and 
reducing the strength of the CFRP plate. Instead, anchorage of pultruded plates was 
achieved using U-wrap CFRP sheet, described later for the T-beams. 
To measure the actual properties of the carbon sheet, coupon tensile tests were 
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one layer of carbon sheet which was impregnated with epoxy resin using a paint brush. A 
standard dog bone coupon shape was adopted to produce the CFRP coupons, as shown 
in Figure 5.6. The samples were left to cure for a couple of days, according to the 
manufacturer’s recommendation, prior to being cut into the coupon shape. This specific 
shape aims to ensure that the samples fail in the centre, adequately far from the jaws 
which might otherwise induce some local effects. Figure 5.6 demonstrates details of the 
coupon tests. 
     
Figure 5.6: Coupon test of the CFRP sheet 
To provide a uniform stress distribution across the width of the coupons while being 
loaded in tension, aluminium plates were glued to each side of each end of the samples. 
A single FLA-5 strain gauge was installed at the centre of each coupon sample to 
measure the strain. The results of four samples of the coupon test are shown in Figure 
5.7, indicating linear elastic behaviour ending in brittle rupture. The mean material 
properties of the CFRP sheet, measured by coupon test, are given in Table 5.3.  
        
Figure 5.7: Stress-Strain characteristics of the CFRP sheet, measured by coupon test 








0.16 4.23 GPa 238 GPa 1.78% 
 
Epoxy resin 
To strengthen a concrete member using a wet lay-up technique, the CFRP sheet must be 
impregnated with a strong epoxy resin as the matrix. Accordingly, a well-known 
commercial high strength impregnation adhesive (Sikadur-330) was adopted for the FRP 

























Chapter 5: Experimentation 
75 
 
properties of the adhesive have not been measured here, but those provided by the 
manufacturer are listed in Table 5.4. 





















5.2.2 Test preparation 
All relevant experimental activities, including specimen preparation and casting, were 
conducted in the laboratories at the University of Bath. First of all, two continuous large 
formworks made of Wisa-form plywood were prepared. The high grade of the plywood 
provided a robust formwork allowing precise target dimensions (which had been designed 
before), straight edges and smooth finished surfaces to be obtained (Figure 5.8). 
 
   
Figure 5.8: Formwork for the slabs 
 
Steel reinforcement cages were built for each specimen. Before placing the steel cages 
inside the formwork, the longitudinal steel bars were equipped with a number of electronic 
strain gauges at the maximum sagging and hogging regions in order to measure the 
strain, and hence curvature, at those points. Figure 5.9 schematically illustrates the 
position of the strain gauges on the steel reinforcement in the slabs. Each slab was 
instrumented using 12 internal strain gauges: six aligned in the sagging zone (one on 
each steel bar, top and bottom), and similarly, six aligned in the hogging zone (one on 
each steel bar, top and bottom).  




Figure 5.9: The position of strain gauges on the steel bars in the slabs 
 
The type of strain gauge adopted for the steel bars was YFLA-5 (5mm post-yield gauge) 
to ensure sufficient elongation capacity (up to 20%) for the measurement of large strains 
after steel yielding. All gauges were coated using N-1 glue and SB-tape to protect them 
against fresh concrete and moisture when the concrete was poured into the formwork. 
Figure 5.10 shows images of the instrumentation components and their installation. 
   
Figure 5.10: Measuring instrumentation installed on the steel bars 
 
After installation of the measuring instrumentation, the steel cages were placed inside the 
formworks using 20mm spacers to ensure that the required cover was achieved. Concrete 
casting was conducted using ready mixed concrete (as seen in Figure 5.11) and the 
exposed surface was carefully levelled and manually finished.  
    
   
Figure 5.11: Concrete casting of the slabs using ready mixed concrete 
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The slabs were covered in plastic sheeting to ensure appropriate curing and were then 
demolded after about one week. Then, they were left to cure further for 10 days prior to 
being prepared for FRP strengthening. The first step of FRP strengthening was surface 
preparation, whereby the weak layer of the concrete surface was removed using an angle 
grinder to expose the aggregates. This ensured that an effective and robust bond 
between the carbon sheet and the concrete surface could be attained. Then, the 
specimens which were to be anchored by fan anchors were selected and the holes 
required for fan anchors were drilled cautiously to prevent cutting through steel 
reinforcement. At the end of surface preparation, the slabs were cleaned using a vacuum 
cleaner and compressed air pump to remove any concrete dust or particles which could 
have had a negative effect on the bond performance between concrete and epoxy resin. 
Also, all edges were covered with masking tape to prevent any unintentional resin spread. 
Images related to the surface preparation can be seen in Figure 5.12. 
   
Figure 5.12: Surface preparation of the slab specimens 
The CFRP sheet was cut into pieces of the desired size (1200mm×300mm) for retrofitting 
of the concrete slabs. The epoxy resin was spread on the CFRP sheet so that each sheet 
was completely impregnated on both sides. Likewise, epoxy resin was applied to the 
concrete surface before the sheet was applied to the bonding area. Finally, the sheet was 
carefully placed on the concrete surface and left for about 10 days to cure sufficiently. 
Figure 5.13 demonstrates the process of FRP strengthening of the slabs. 
    
     
Figure 5.13: Wet layup strengthening of the slabs using CFRP sheet 
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The last step was to equip the carbon sheet with instrumentation to measure strains in the 
CFRP sheet during loading. The type of strain gauge adopted for this purpose was FLA-5-
11 (5mm gauge) which has an elongation capacity of up to 5%. Shown in Figure 5.14 is a 
schematic image of the arrangement of instrumentation on the strengthening system.  
 
Figure 5.14: Arrangement of the strain gauges on the CFRP sheets in the slabs 
 
 
5.2.3 FRP anchorage  
As described earlier in Chapter 2, mechanical anchorage is an effective technique to 
improve the bond performance between concrete and FRP. Fan anchors were used in 
this research to anchor the CFRP sheet. This is a practical and highly suitable technique 
for almost any shape of structural concrete members. Smith et al. (2011) have shown that 
in addition to being economical, fan anchors effectively increase the ultimate strength and 
deflection capacity of flexurally strengthened beams, compared with corresponding 
unanchored beams. Also, fan anchors build more robustness into a strengthened 
concrete member and improve the flexural performance of the strengthened member by 
enhancing the ultimate strain in the CFRP sheet.  
A fan anchor is an FRP anchorage system which is made of dried fibres arranged into a 
fan shape. In this research, the anchors were prepared by hand for the experimentation. 
The fan anchors consist of two main parts: a dowel which is embedded into the concrete 
substrate and a fan-shape set of carbon fibres which are spread out on the strengthening 
system. The manufacturing and installation techniques which were adopted by Smith et 
al. (2011) were utilised to construct the fan anchors. The target dimensions of the fan 
anchor were a dowel of length 40mm and diameter 10mm, a bend portion 10mm long, 
and 70mm long fan fibres. Pieces of sheet (200mm long and 150mm wide) were cut, and 
50mm of the fibres were saturated in the epoxy resin. Then, each piece of sheet was 
rolled tightly using a metal bar. As seen in Figure 5.15, a larger size of sheet, compared 
with what was required, was used to ensure that the bend portion and fan fibres were not 
accidentally saturated in resin. This would have been undesired since it would have 
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reduced the flexibility of the fan fibres and bend portion, resulting in premature FRP 
debonding. The rolled half-epoxied sheet was then passed through a 10mm hole, created 
in a steel jig, to provide the precise diameter which was desired for the dowel. The fan 
fibres were wrapped using insulating tape before passing them through the hole to keep 
them free of adhesive. After 48 hours, when the adhesive had set, the rolled anchor was 
cut to the desired dimensions from both ends, using a sawing machine. The insulating 
tape was then removed, and the transverse fibres within the fan-shape region were cut 
carefully, using a sharp knife, to release the longitudinal fibres. Thus, the desired fan-
shape anchorage device was created. Figure 5.15 demonstrates the manufacturing 
process of the fan anchors. 
   
    
  
Figure 5.15: Manufacturing of the CFRP fan anchors for the slabs 
 
As noted before, anchor dowel holes of 14mm were drilled into those concrete slabs 
selected for the anchorage system before FRP strengthening. After cleaning the holes 
and concrete surface using compressed air, the dowel holes were injected with epoxy 
resin and the longitudinal CFRP strengthening sheet was then bonded as explained 
above. After applying the CFRP sheet, the anchor dowels were inserted into the hole and 
the fan fibres were spread out on top of the CFRP sheet (in two opposite directions at an 
arc of 600 in both directions) as seen in Figure 5.16. Finally, the fan fibres were saturated 
in epoxy resin and a number of heavy blocks were placed on them for 7 days to ensure 
they remained in contact with the CFRP sheet until the impregnation adhesive cured.  




   
Figure 5.16: Installation of fan anchors on the strengthened slabs 
Following strengthening, all strengthened slabs (anchored and unanchored) were left in 
the laboratory environment for a period of 14 days to cure properly prior to testing.  
 
5.2.4 Test rig set-up 
The next step was preparation of the test rig. A schematic layout of the test set-up is 
illustrated in Figure 5.17. 
 
Figure 5.17: Schematic layout of test set-up of the slabs 
Each specimen consisted of a 4m, two-span continuous slab with a pin interior support in 
the centre and two roller exterior supports located 50mm away from the ends of the slab. 
They were loaded only at the mid-point of one of the spans, using a hand hydraulic jack 
with a loading capacity of 200kN. Due to the loading arrangement and static condition of 
the slab, the end support of the unloaded span had a negative reaction (i.e. a reaction 
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was needed to resist upward movement during loading). To prevent the end part moving 
up, a locked-off hand pump with 100kN capacity was used to provide a reaction force and 
hold it in place. A hand car jack was used underneath for the ease of adjustment. Load 
cells were also located at the position of each and at the applied load. The values of the 
applied load and the resultant support reactions were continually recorded through the 
loading process (Figure 5.18). 
    
Figure 5.18: Load cells and Support conditions of the slabs 
In addition, six Linear Variable Displacement Transducers (LVDTs) were located on top of 
the slab at 500mm centres along the length to measure the vertical displacements. Two 
further LVDTs were positioned horizontally at one end of the slab (located in the loaded 
span) to record horizontal deflections at the top and bottom extremities to assist in 
measuring the rotation of the slab. All internal and external strain gauges were also 
connected to a computer data logger. The test-rig and its components are displayed in 
Figure 5.19. 
 
Figure 5.19: The slab test rig 
From the beginning of loading through to failure, all strains, support reactions and 
displacements along with the applied load were automatically recorded using two data 
loggers (Systems 5100 and 6000) and recording computer software (Strainsmart). Crack 
propagation was examined by manually marking cracks during loading on one face of the 
slab. In addition, Digital Image Correlation (DIC) was carried out using two high-resolution 
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cameras, and applying a random speckled black/white pattern (as shown in Figure 5.20) 
to the other face of the slab. Images were taken at 2kN load increments.  
 
Figure 5.20: The random speckled pattern used for DIC analysis 
This technique can track the distortion of the dotted pattern on the specimen’s surface 
during loading. By observing the variation, the DIC software (MatchID) can find 
displacements and calculate the related strains. The technique and results are described 
further in later chapters. 
 
5.3 T-shaped specimens 
As noted in Chapter 4, twelve T-shaped specimens (in two groups of 6) were designed, 
built and tested to study moment redistribution. Figure 5.21 shows the dimensions of the 
specimens in both T and U groups. The specimens were built one by one in the concrete 
and structures labs at the University of Bath. The dimensions were adopted so that the 
test aims were achievable when set against ease of handling and testing.  
          
       
Figure 5.21: T-beam cross sections: top) T-series, bottom) U-series 
All T-beams were reinforced against shear failure using 6mm closed stirrups in the web at 
a spacing of 70mm along the length of beam, and 3mm diameter closed stirrups in the 
flange at 100mm centres along the beam, to guarantee no shear failure. The top and 
bottom longitudinal reinforcing bars were adopted so that a 30% upper bound 
redistribution capacity was provided in the unstrengthened control beams out of the 
sagging zone, into the hogging zone. 
Chapter 5: Experimentation 
83 
 
5.3.1 Material properties 
Characteristics of the materials used in the experiments are described in this section. The 
main materials included concrete, steel reinforcement, CFRP plate, CFRP tape and epoxy 
resin. Their properties were measured before testing and were later used for analysing 
the results using the analytical model. 
Concrete 
A concrete grade of C30/37 was adopted for the T-beams. The BRE concrete mix design 
manual was used to design the required mix proportions, which are given in Table 5.5. 
Several trial mixes were conducted before the main concrete casting to check the 
designed concrete mix (Figure 5.22). 
Table 5.5: Mix proportions of C30/37 concrete used for the T-beams 
Materials Mix Design (kg/m3) Description 
Portland Cement 320 CEMII/B-V 32.5R 
Replacement - GGBS 
Coarse aggregate 1080 4-10 mm (Limestone) 
Fine aggregate-1 540 0-4 mm (Limestone) 
Fine aggregate-2 360 0-2 mm (FP Sand) 
Free water 170 - 
Plasticizer (ml/100kg) 550 - 
    
 
Figure 5.22: Concrete materials and trial mixes 
The maximum size of the coarse aggregate was 10mm since a very low concrete cover 
was adopted for the T-beams. Each specimen was cast from two batches of concrete mix 
and, in addition, six concrete cubes plus two concrete cylinders were cast per batch to 
measure the compressive strength. The compression tests were conducted by crushing 
the concrete cubes and cylinders on specific dates before and on the day of testing, using 
a Controls Automax 5 (2000kN) cube tester, at a loading rate of 500kPa/s. Two cubes 
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were tested each time for each specimen. Table 5.6 shows the average compressive 
strength for each T-beam at different ages. 
Table 5.6: Compressive strength of the T-beams 
Test 
specimen 




7-day 14-day Test day Test day 
     
T1 25.8 32.7 38.1 35.6 
T2 21.2 26.3 33.1 29.1 
T3 31.8 32.7 38.5 36.1 
T4 22.7 27.6 32.6 27.3 
T5 23.8 28.9 39.3 32.6 
T6 28.5 29.1 40.3 35.3 
     
U1 28.4 34.4 40.4 34.7 
U2 33.7 37.6 43.2 35.7 
U3 23.7 28.5 34.3 29.2 
U4 24.6 30.3 39.1 32.5 
U5 28.1 33.2 38.8 31.6 
U6 26.9 32.6 39.7 30.3 
 
As can be observed in Table 5.6, different specimens had different compressive strengths 
on the day of testing although the same concrete mix proportions were used for all of 
them. Apart from natural variation, another reason for this issue was that the duration of 
test preparation for the T-beams was about three months, from April to June 2014. This 
coincided with a large variation in weather conditions (from heavy rain to sunshine). A 
proportion of the concrete materials were kept outside, exposed to the elements. As a 
result, the aggregates used were not fully dried, but relatively wet. This issue varied the 
water content of each mix and consequently the water/cement ratio. This was observed 
and recognized after casting the first two specimens (i.e. Beams T2 and T4) and thus for 
the rest, all fine and coarse aggregates were placed in an oven, at least half a day before 




The specimens were reinforced in flexure using longitudinal 12mm and 8mm diameter 
high-yield strength steel deformed bars in the top and bottom of the section respectively. 
Also, the flange was reinforced with four longitudinal 3mm diameter bars at the corners to 
help form a reinforcing cage. Material properties were measured by tensile tests and the 
results are presented in Section 5.2.1. In addition, all T-beams were reinforced against 
shear using 6mm diameter closed stirrups at 70mm centres in the web, and 3mm 
diameter shear links at 100mm centres in the flange.  
 
 




The soffit of the beams was strengthened using Aslan-400 CFRP plate. The carbon plate 
was a pre-cured pultruded laminate of 1.4mm thickness and 50mm width. It was installed 
on the beam’s soffit by an external bonding technique, using epoxy adhesive. 
Characteristics of the CFRP laminates were provided by the manufacturer but the actual 
material properties were measured through tensile testing. Three test samples were 
prepared and tested in accordance with BS EN ISO 527-5:1997 (Plastics – Determination 
of tensile properties – Part 5: Test conditions for unidirectional fibre-reinforced plastic 
composites). To provide a uniform stress distribution across the test samples during 
testing, aluminium plates were adhered to each face at both ends of the samples. Figure 
5.23 shows the results of the tensile test carried out. 
             
Figure 5.23: Tensile tests of the CFRP plate, left) Test image, right) Stress-Strain curves 
 
Measured (mean) characteristics of the CFRP plate are given in Table 5.7. The tensile 
tests showed linear elastic behaviour, followed by a sudden brittle rupture.  













To strengthen the flanges of the T-beams, the Near Surface Mounted (NSM) 
strengthening system was adopted, using rectangular CFRP tape. The tape, commercially 
called Aslan-500 (from Hughes Brothers, US), is a pre-cured strip of thickness 2mm and 
width 16mm. It was inserted into slots cut in the flange substrate, using epoxy adhesive. 
Characteristics of the CFRP tape were provided by the manufacturer but the actual 
material properties were measured through tensile testing, in accordance with BS EN ISO 
527-5:1997. Three 400mm-long tensile test samples were prepared and tested. To 
provide a uniform stress distribution along the tensile test samples during testing, 
aluminium plates were glued to both sides at both ends of the samples. Figure 5.24 





















Chapter 5: Experimentation 
86 
 
           
Figure 5.24: Tensile tests of the CFRP tape, left) Test images, right) Stress-Strain curves 
Measured (mean) characteristics of the CFRP tape are listed in Table 5.8. The tensile 
tests showed linear elastic behaviour followed by multi-stage brittle rupture of the 
constitutive carbon fibres.  









2 × 16 2.41 Gpa 144 Gpa 1.68 % 
 
Epoxy resin 
In both plate-bonding and NSM strengthening techniques, a strong structural adhesive is 
required. Accordingly, a high strength structural adhesive (Sikadur-30) was adopted which 
is a thixotropic two-component high-modulus adhesive. Mechanical properties of the resin 
provided by the manufacturer are given in Table 5.9. 















Sikadur-30 26-31 MPa > 4 MPa 11.2 Gpa 1 % 
In addition, the same impregnation epoxy resin (Sikadur-330), described in Section 5.2.1, 
was used to anchor the CFRP plate using the U-wrap CFRP anchors. Characteristics of 
the impregnation epoxy resin were presented earlier in this chapter. 
 
5.3.2 Test preparation 
Initially, two single formworks were fabricated, made of phenolic resin coated plywood. 
This ensured precise dimensions, as designed, as well as flat finished surfaces and 
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Figure 5.25: T-beams: Plywood formworks and finished surface 
Steel reinforcement cages were built for each specimen. Prior to placing the steel cages 
inside the formwork, the longitudinal steel bars were instrumented with a number of strain 
gauges at specific locations to measure the strain thereby, assisting in finding the 
curvature at these points. Figure 5.26 illustrates the positions of the strain gauges on the 
bars schematically. Each beam was instrumented using 12 internal strain gauges: four in 
the sagging zone (one on each steel bar at top and bottom), four in the hogging zone (one 
on each steel bar at top and bottom) and an additional four gauges in between these two 
locations to aid further investigation.  
 
Figure 5.26: Position of strain gauges on the FRP and steel bars in T-beams 
The same type of strain gauge and instrumentation procedure used for the slabs, was 
applied to the T-beams. After instrumentation, the steel cages were located inside the 
formwork using 20mm spacers to ensure the required cover at the bottom face. Figure 
5.27 shows the steel work and cage positioning. 
    
Figure 5.27: T-beams: steel work and cage positioning 
Concrete was mixed in two batches for each specimen using a mechanical power mixer. 
After mixing, the fresh concrete was poured into the mould, and compacted using a 
pneumatic high-frequency concrete vibrator. The exposed surface was finally levelled off. 
On each day of casting, two specimens were built and the specimens were demoulded 
after 4-5 days. Figure 5.28 shows images of the preparation of the T-beams. 
Chapter 5: Experimentation 
88 
 
    
Figure 5.28: T-beams: casting and demoulding 
Once all twelve beams had been built and sufficiently cured, the preparation of FRP 
strengthening was initiated. The first step of strengthening was surface preparation. For 
plate strengthening, the weak layer of surface concrete was removed using an angle 
grinder to expose the aggregates for an effective and robust bond between the carbon 
plate and the concrete surface. The prepared surface was carefully cleaned using a 
vacuum cleaner and compressed air pump to remove any concrete dust or particles. The 
roughened side of the plate was then cleaned with acetone to remove any excess 
residue, and the adhesive was applied to both the carbon plate and concrete surface. The 
carbon laminate was carefully positioned in place and pressed by hand to ensure there 
were no voids in the adhesive. Weights were placed on top of the laminates for several 
days to maintain the bond contact and to hold the laminates securely in place. Figure 5.29 
shows images of the plate bonding process. 
    
    
Figure 5.29: T-beams: plate-bonding strengthening process 
For NSM strengthening, grooves were cut first, using a manual power groove-cutting 
machine, after marking the beams based on the design layout. The concrete left between 
the saw cuts was then chiselled out. The groove dimensions adopted were to be 1.5 times 
the CFRP tape width in depth and three times the tape thickness in width (according to 
the manufacturer’s recommendation). Any residual dust was removed from the groove 
using a vacuum cleaner and compressed air pump. The concrete on both sides of the 
groove was covered with masking tape for a neat appearance. The structural adhesive 
was then injected into the groove, almost half-filling the gap, and the CFRP tape was 
gently inserted into the groove displacing the adhesive and ensuring that there were no 
air voids in the adhesive.  The groove was completely filled with adhesive, ensuring the 
tape was fully immersed. The excess adhesive was levelled off and the masking tape was 
removed. All CFRP tapes were equipped with FLA-5-11 strain gauges before being 
inserted into the groove to measure strains in the CFRP tape (at the locations indicated in 
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Figure 5.26) during the experiment. Images of the NSM strengthening technique can be 
seen in Figure 5.30. 
    
   
Figure 5.30: NSM strengthening of the T-beams 
All strengthened beams, whether plate-bonding or NSM, were left about 14 days to cure 
adequately. The last step of the test preparation was to install strain gauges on the CFRP 
plate in order to measure the strains during loading. The type of strain gauge adopted for 
this purpose was FLA-5-11 (5mm gauge), and theses gauges were positioned as shown 
in Figure 5.26.  
 
5.3.3 FRP anchorage  
No mechanical anchorage system was used for the NSM strengthened beams since the 
CFRP tapes were fully immersed in epoxy resin in the groove and there was no access to 
them to apply any anchorage system. However, the carbon plate was anchored using U-
wraps which were installed at an inclination of 450. Research (Lee, 2010) has shown that 
this configuration is effective in improving the bond performance of externally bonded 
CFRP plate reinforcement. Figure 5.31 illustrates the designed layout of the anchorage 
system.  
 
Figure 5.31: Layout of the U-wraps at an inclination of 450 
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To install the anchorage system, concrete surfaces on both sides of the web were 
prepared by removing the weak surface concrete layer using an angle grinder, to expose 
the aggregates. The surface was then fully cleaned using compressed air. CFRP sheet 
(the same material as used for the slab strengthening) was cut to the required dimensions 
(300mm×150mm) and then impregnated with Sikadur-330 epoxy resin on both sides. 
Following the application of adhesive to the concrete surface, one piece of sheet was 
bonded to the plate on the soffit and to one side of the web at an inclination of 450. A 
second piece of sheet was bonded to the plate on the soffit, overlaid on the first piece of 
sheet, and wrapped round up to the other side of the web, again at an angle of 450. Figure 
5.32 shows images of the U-wrap installation. 
 
   
    
        
Figure 5.32: Installation of the U-wraps to anchor the carbon plate 
 
All U-wrapped T-beams were left in the laboratory environment for a period of 14 days to 
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5.3.4 Test rig set-up 
A schematic layout of the test set-up is illustrated in Figure 5.33. 
 
Figure 5.33: Schematic layout of the test set-up for the T-beams 
 
The same test arrangement, as described for the slabs, was provided for the T-beams. 
Due to similarity of the loading arrangement and geometry between the slabs and T-
beams, identical provisions were adopted for the supports, load cells, LVDTs and strain 
gauges. The values of applied load and resultant support reactions were continually 
recorded through a number of connected load cells. All strain gauges and LVDTs were 
connected to a computer data logger. Images of the test rig and its components are 
presented in Figure 5.34. 
 
Figure 5.34: T-beams: test-rig installation 
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During loading, crack propagation was monitored by manually marking the cracks on one 
face of the beam. In addition, a number of high-resolution photographs were taken (at 
2kN load increments) for Digital Image Correlation (DIC) analysis using a speckled 
painting pattern (as shown in Figure 5.20) on the other face of the beam. The technique 
and results are described further in following chapters. 
 
5.4 Summary 
The construction of the experimental specimens and their test set up have been 
described in this chapter. The experimentation included seven continuous slabs and 12 
continuous T-beams, having various FRP-strengthening configurations and techniques, 
as well as different FRP anchorage systems. The main aim of the experiments is to 
investigate moment redistribution experimentally and to be able to validate the analytical 
model which was described in Chapter 3. To be consistent with typical practice, the slabs 
were externally strengthened using CFRP sheet and anchored using hand-made spike 
(fan) anchors. The T-beams were strengthened using CFRP plate on the web soffit and/or 
using CFRP NSM tape in the flange. In addition, CFRP plate was anchored using U-
wraps made of CFRP sheet, and installed on the webs and soffits at an inclination of 450. 
In the following chapter, the results and observations from the slab tests are provided in 
detail. These include the failure load and mode, flexural performance, displacement and 
strain profiles, crack propagation and the level of moment redistribution for each slab. 









A detailed description of the observations and results from the slab tests is presented 
separately for each specimen in this chapter. These include the flexural behaviour and 
failure modes of the loaded unstrengthened and strengthened slabs, observed during the 
experimental program, and also the degree of moment redistribution occurring into and out 
of the critical zones. The influence of FRP quantity, strengthening configuration and 
anchoring of the FRP sheet on moment redistribution is demonstrated. The results of bond 
strength tests on the FRP laminates are presented at the end of this chapter in addition to 
a qualitative study on flexural softening of the concrete slabs due to crack evolution and 
steel yielding, using Digital Image Correlation (DIC), (See pages 96 to 98 for the definition).  
6.2 Test results 
Described in Chapters 4 and 5 were the design, specifications, preparation and construction 
details of the slab specimens and the related test set-up. In this chapter, each experiment 
is thoroughly explained including how the slabs behaved flexurally during testing, what the 
displacement and ultimate strain profiles were, how (and to what extent) bending moments 
were redistributed into (or out of) the hogging and sagging zones, and what the failure 
modes were observed. It is to be noted that all slabs were tested under a similar test method 
to that described in Chapter 5 (Section 5.2.4). The test results have been summarised in 
Table 6.1. 


















S1 N.A (control) - 
Concrete 
crushing 
21 34 - - 30 
S2 Sagging - 
FRP 
debonding 






39 51 34.5 0.0085 0 
S4 Hogging - 
FRP 
debonding 






23 40 40 0.0085 37 
S6 Hog&Sag - 
FRP 
debonding 






37 49 40 0.0095 11.5 
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6.2.1 Slab S1 (control) 
This specimen was unstrengthened and tested as the control sample. A plastic hinge 
formed in the sagging zone (under the load point) first as expected, which meant steel 
reinforcement yielded, followed by concrete crushing. Bending moment was then 
redistributed from the sagging zone to the hogging zone until the hogging zone reached its 
moment capacity too through steel yielding followed by concrete crushing, and further load 
increase was impossible. The yield lines in both the sagging and hogging zones were 
clearly observed (Figure 6.1). Concrete crushed in the sagging zone before ultimate failure 
at an applied load of about 29kN, but the structure could withstand extra applied load due 
to the presence of compression steel reinforcement until the hogging region failed. 
 
    
Figure 6.1: The yield lines observed at failure in Slab S1 
The deflected shape of slab S1 at failure (34kN) is shown in Figure 6.2, in which positions 
of the six LVDTs aligned on top of the test specimens are displayed. Presented in Figure 
6.3 is the Load-Displacement relationships for slab S1 plotted from the collected data. 
 
Figure 6.2: Deflected shape of Slab S1 at failure (34kN)  
 
Figure 6.3: Load-Deflection relationships for Slab S1 
Crack propagation was monitored and manually marked throughout the experiment. As 
anticipated, initial cracks emerged in the sagging zone first and then propagated towards 





























Tr-2 Tr-3 Tr-4 Tr-5 Tr-6 
Chapter 6: Test results and observations   Slabs 
95 
 
propagation away from the central support was observed in this region. Displayed in Figure 
6.4 is the pattern of flexural cracking in both sagging and hogging zones of slab S1. 
 
 
   
Figure 6.4: Crack propagation in Slab S1 
Shown in Figure 6.5 are the Load-Strain curves for the top and bottom internal steel 
reinforcement. The tension steel reinforcement yielded at applied loads of 21kN and 34kN 
in the sagging and hogging zones respectively.  
 
Figure 6.5: Load-Strain curves for the steel reinforcement in Slab S1 
 
As expected, 30% moment redistribution occurred from the sagging zone to the hogging 
zone in Slab S1 at ultimate failure (i.e. concrete crushing in the hogging zone). As described 
in Chapter 3 (Section 3.2), for any applied load, moment redistribution is simply calculated 
by the following equation throughout this research (as stated by El-Refaie et al., 2003): 
𝑴𝑹 (%) = 𝟏𝟎𝟎 × (𝟏 −
𝑴𝒓𝒆𝒅𝒊𝒔
𝑴𝒆𝒍𝒂𝒔
)                                             Eq 6.1 
Where Mredis is the actual bending moment obtained from the experiments and Melas is the 
theoretical elastic bending moment which would have existed at the same location had no 
moment redistribution taken place. To find Melas, the elastic bending moment was calculated 
for each test specimen using the analytical model (described in Chapter 3) and checked 
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Flexural behaviour of each slab has been investigated through finding the relationship 
between the applied load and the magnitude of the distributed bending moments in the 
sagging and hogging zones, as depicted in Figure 6.6. This allows the variation of bending 
moment distribution to be tracked during loading, which in turn results in quantification of 
moment redistribution. 
 
Figure 6.6: Schematic bending moment diagram in the slabs 
Figure 6.7 depicts the experimental Load-Moment relationship for this slab, obtained from 
the collected data. 
 
 
Figure 6.7: Experimental Load-Moment curves for Slab S1  
As seen in Figure 6.7, even before the steel reinforcement yielded in the sagging zone, 
moment redistribution had occurred to some extent out of the sagging zone (about 7%), 
resulting from cracking-induced flexural softening of this zone, but the majority of the 
moment redistribution occurred after steel reinforcement yielded in the sagging zone.  
A digital image correlation (DIC) analysis was undertaken for the slabs. The results provided 
by this technique allowed for better understanding of the flexural behaviour and softening 
of the critical zones over the loading cycle.  
Digital image correlation (DIC) is an optical technique which applies tracking methods and 
image registration techniques to accurately measure changes in images. This is often used 
to measure displacement, strain, and optical flow, and it is widely applied in many areas of 
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cycle, and to measure strains and displacements quantitatively. To better understand of 
structural softening of the strengthened zones due to crack evolution and steel yielding, 
DIC analysis was applied to the slabs using two high-resolution digital cameras and by 
applying a random speckled black/white pattern (as shown in Chapter 5, Figure 5.20). High-
resolution images were taken at each load increment (2kN) for all test specimens. Shown 
in Figure 6.8 is the equipment set up for the DIC data acquisition. 
 
 
Figure 6.8: Data acquisition for DIC analysis in the slabs 
The slabs were painted in a speckled pattern, which was a white painted background 
covered by a randomly painted pattern of black spots of various size, as shown in Chapter 
5, Figure 5.20. Photographic images were collected during testing at a rate of 2kN loading, 
to determine strain and displacement distributions. The software adopted for the DIC 
analysis was ‘MatchID’, developed by Lava and Debruyne (2010) at the Catholic University 
College Ghent, Belgium. 
A series of high-resolution photographs (14-megapixel) were taken for each slab using two 
cameras. Each camera covered one half length of the specimen separately. The images 
were uploaded into the software after they had been converted to black and white. Among 
different known correlation options, the Approximated normalized Sum of Squared 
Differences (ASSD) method was selected for correlation since good performance has been 
reported for the method (Lava et al., 2009), providing accurate analysis. Variations in 
lighting conditions were important to data collection. The subset and step size adopted for 
this correlation were 13 and 26 respectively to ensure a suitable level of precision within an 
appropriate processing time. The size of subset is the reference unit used for subdividing 
the image accordingly, and the step-size is the unit determining the distance between the 
centres of any two adjacent subsets to cover the changes occurring in the image. The 
smaller the subset and step-size, the higher the resolution and accuracy of the results but 
the more the time required for data processing. Once the correlation process was 
completed, a polynomial bicubic interpolation scheme (Debruyne and Lava, 2011) was 
Test Data logging 
Lighting  
HD video camera 
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applied to determine the displacements of different points of the selected surface with 
subpixel accuracy. The corresponding strains were subsequently calculated using a 
Levenberg and Marquardt numerical optimisation method (MatchID official manual). 
In the following, the results are provided for the ‘x’ component of strain (εxx), which is the 
normal strain along the longitudinal axis of the slabs. The results of other strain 
components, i.e. εyy, εxy, ε1 and ε2, are not supplied since they are not required in this case. 
It is obvious that the greatest principal strain (ε1) in tension governs crack initiation and 
evolution in a concrete section. To ensure that the strain analysis was carried out correctly, 
a comparison was made for each slab between the experimental displacements recorded 
by LVDTs and those calculated through the numerical interpolation by DIC analysis. It 
should be mentioned that the results are solely provided here just for a limited area of the 
slabs (not the whole length) which covers the critical zones (i.e. the sagging and hogging 
regions) in which bending moments were redistributed. Illustrated in Figure 6.9 is the area 
adopted for DIC analysis in the slabs. 
 
Figure 6.9: The area adopted for DIC analysis 
The results of strain analysis are presented separately for each slab at different applied 
loads including initial loads, FRP debonding in both sagging and hogging zones and 
ultimate failure load. A colour scale bar is provided for each image representing the strain 
value at each point. The scale bar (from minimum to maximum) is almost constant for all of 
the strain components under consideration for ease of comparison among the test slabs. 
The results that fall beyond this reference scale (i.e. which are off-scale) are displayed in 
grey. 
The DIC strain profile provides both qualitative and quantitative analysis of concrete 
members over the loading cycle. It can help to better define the strains, initiation of flexural 
cracks near the most critical zones, propagation of the cracks towards the other regions, 
pattern of cracking, and how the cracks are spread within the cracked zones. It could even 
provide crack width measurement through the strain analysis.  
To ensure that the strain analysis was undertaken correctly and the DIC results were 
accurate, a comparison was made for each slab between the experimental displacements 
(recorded by LVDTs) and those calculated through numerical interpolation by DIC analysis. 
Figure 6.10 illustrates the correlation between the test results and DIC results in Slab S1, 
related to the position of the concentrated load (measured by Transducer 2, Figure 6.2). 
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Figure 6.10: Comparison between the experimental and DIC results for Slab S1 
 
The good comparison observed in Figure 6.10 (left) indicated that the DIC analysis can be 
relied on for displacement. The small difference between the two results in Figure 6.10 (left) 
is due to the fact that the DIC data acquisition was terminated before the actual testing 
finished. Presented in Figure 6.11 are the strain plots calculated by DIC analysis for Slab 
S1 at different stages of loading, in which crack evolution is observed. As seen, the pattern 
of cracking in this figure follows the cracking pattern presented earlier in this chapter. 
  
  













































Figure 6.11: Strain (εxx) plots calculated by DIC analysis for Slab S1 
As seen in Figure 6.11, flexural cracks emerged first in the sagging zone, since this beam 
was originally designed based on moment redistribution consideration and the sagging 
zone was less stiff than the hogging zone.  The greater and faster crack progression in the 
sagging zone than that in the hogging zone demonstrated how flexural softening occurred 
in the beam within the critical section, and how bending moment was redistributed between 
the zones over the loading cycle. The deeper and wider cracks evolving in the sagging zone 
shows yielding of the steel reinforcement in this zone which is providing high capacity for 
moment redistribution. The Moment-Curvature relationship for the critical sections are 
provided by DIC, which is presented in Chapter 8 and compared with the analytical and 
experimental results. 
 
6.2.2 Slab S2 (sagging-zone strengthening) 
Slab S2 was strengthened using CFRP sheet in the sagging zone. A piece of carbon sheet 
(300mm x 1200mm) was bonded externally to the soffit. The slab was loaded through a 
concentrated load at one mid-span (as depicted in Figure 6.6). The load was increasingly 
and continually applied until the CFRP sheet debonded at 49kN. Immediately after, the load 
dropped to 27kN. The applied load was subsequently increased up to 32kN at which point 
the slab failed due to steel yielding, followed by concrete crushing, in the hogging zone, 
since the tension steel reinforcement had already yielded in the sagging zone at 38kN (even 
before FRP debonding). Figure 6.12 shows the carbon sheet delamination (i.e. being ripped 
off in a series of narrow strips) on the soffit of the sagging zone. The narrow strips of the 
FRP peeled one by one at the beginning, but the rest debonded at once. 
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Compared with the control specimen, Slab S2 exhibited smaller deflections before the 
CFRP sheet debonded, as anticipated. Presented in Figure 6.13 and Figure 6.14 are the 
deflected shape (at failure) and Load-Deflection relationships for Slab S2.  
 
Figure 6.13: Deflected shape of Slab S2 at failure (49kN) 
 
 
Figure 6.14: Load-Deflection curves for Slab S2 
The sagging zone steel reinforcement in Slab S2 yielded at a higher applied load than those 
in the control slab. Nevertheless, steel yielding in the sagging zone occurred earlier (i.e. at 
a smaller applied load) than the hogging zone in Slab S2, despite adding the FRP to the 
sagging zone. Also, the carbon sheet started to debond at a strain of 0.008 (0.8%). The 
Load-Strain relationships (in the sagging and hogging zones) for the steel reinforcement 
and CFRP sheet in Slab S2 are displayed in Figure 6.15. 
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Prior to FRP debonding, it was observed that the addition of FRP resulted in better control 
of crack propagation in the initial stages of loading. Indeed, the high tensile modulus and 
elastic nature of the FRP material caused the strengthened slab to start cracking at a higher 
applied load than that in the control slab. For example, cracking was initiated in the sagging 
zone at an applied load of 8kN in S1, while it began at 10kN in S2. Also, the restricting 
effect of FRP on crack opening resulted in a different cracking pattern, crack spacing, and 
crack widths in the sagging zone, compared with those found in the unstrengthened slab 
such that, at failure, a larger number of flexural cracks were observed in the strengthened 
zone due to the larger load applied (Figure 6.16) but the cracks were considerably narrower 
than those emerged in Slab S1. 
 
Figure 6.16: Crack propagation in the sagging zone in Slab S2 
 
Figure 6.17 illustrates the test results vs DIC results for Slab S2. The Load-Deflection plots 
are related to position of the concentrated load (measured by Transducer-2, Figure 6.2). 
As shown in Figure 6.17, correlation of the DIC results against LVDT displacement readings 
are reasonably good, showing that DIC analysis can be used reasonably. 
     
Figure 6.17: Comparison between the test results and DIC results for Slab S2 
 
Presented in Figure 6.18 are the strain plots calculated by DIC analysis for Slab S2 at 
different loads from the beginning to debonding. As seen, crack evolution follows the 













































Figure 6.18: Strain (εxx) plots calculated by DIC analysis for Slab S2 
 
Considering the experimental data collected, as shown in Figure 6.19, Slab S2 indeed 
exhibited a linear elastic flexural behaviour throughout the experiment until FRP debonding, 
because of the relatively high tension stiffness (EA value) of CFRP material which was 
applied. Accordingly, almost no bending moment was redistributed out of the sagging zone 
into the hogging zone while, unexpectedly, a little amount of bending moment was 
redistributed from the hogging zone to the sagging zone before the FRP sheet debonded. 
Nonetheless, it can be stated that no moment redistribution occurred overall in this case 
since the sagging zone was apparently excessively stiff, preventing flexural softening in the 
zone prior to debonding. As described in Chapter 8, there was no capacity for moment 
redistribution in this slab due to the high stiffness (EA value) of the applied FRP sheet 












































Figure 6.19: Experimental Load-Moment curves for Slab S2 
 
6.2.3 Slab S3 (sagging-zone strengthening with fan anchors) 
Slab S3 was strengthened in the sagging zone using CFRP sheet which was anchored by 
fan anchors. The aim was to examine the influence of the anchorage system on moment 
redistribution by comparing the results of Slab S3 with those of Slab S2. A similar piece of 
carbon sheet (300mm x 1200mm) to that used in Slab S2 was bonded externally to the 
soffit and the slab was loaded under the same load arrangement. The load was continually 
increased until the anchored CFRP sheet debonded (i.e. ripped off at one end and both 
side edges) at an applied load of 51kN and, straight away, the load dropped to 32kN. The 
load was subsequently increased until the slab failed at 35kN due to steel yielding followed 
by concrete crushing in the hogging zone.  
Illustrated in Figure 6.20 are images of the carbon sheet debonding on the soffit of the 
sagging zone. Similar to Slab S2, flexural cracking began from the location of maximum 
bending moment and propagated gradually towards the ends of the carbon sheet in both 
directions. These cracks are called intermediate cracks (Oehlers and Seracino, 2004). 
Further load increase caused a larger number of intermediate cracks to be propagated 
along the length of the carbon sheet until they reached one end and the sheet debonded 
abruptly. Peeling of the carbon sheet was accompanied by a thin layer of concrete which 
was attached to the sheet, showing sufficient bond strength between the concrete substrate 
and FRP composite.  
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As seen in Figure 6.20, the fan anchors exhibited a robust performance so that none of 
them was detached from the concrete substrate but all remained in place, preventing the 
attached carbon sheet from debonding. Nonetheless, the carbon sheet delaminated along 
both of its longitudinal side edges, which were relatively far away from the fan fibres, 
unfortunately.  
Displayed in Figure 6.21 and Figure 6.22 are the Load-Deflection curves and the Load-
Strain relationships respectively for the steel reinforcement and CFRP sheet in Slab S3. 
Similar to S2, it was observed that despite applying CFRP sheet, the steel reinforcement 
yielded at a lower applied load in the sagging zone than those in the hogging zone (at 
approximately 39kN, before FRP debonding). Also, the carbon sheet started to debond at 
a strain of 0.0085 (0.85%).  
 
           
Figure 6.21: Load-Deflection curves for Slab S3      Figure 6.22: Load-Strain curves for Slab S3                
Figure 6.23 illustrates the test results vs DIC results for Slab S3. The Load-Deflection plots 
are related to position of the concentrated load (measured by Transducer-2, Figure 6.2). 
As shown in Figure 6.23, correlation of the DIC results against LVDT displacement readings 
are reasonably good, showing that DIC analysis can be used reasonably. 
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Presented in Figure 6.24 are the strain plots calculated by DIC analysis for Slab S3 at 
different loads from the beginning to debonding. As seen, crack evolution follows the 





Figure 6.24: Strain (εxx) plots calculated by DIC analysis for Slab S3 
 
As shown in Figure 6.24, flexural cracks emerged first in the sagging zone since this zone 
was the most highly stressed part of the beam because of the loading arrangement. Crack 
progression occurred more quickly in the sagging zone than that in the hogging zone which 
demonstrated how flexural softening occurred in the beam within the critical sections and 
how bending moments were redistributed between both zones over the loading cycle. The 
Moment-Curvature relationship for the critical sections is provided by DIC analysis, which 
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Compared with Slab S2, Slab S3 similarly exhibited linear elastic flexural behaviour 
throughout the test until debonding, as displayed in Figure 6.25, since the identical 
geometry and test arrangement was used. Application of fan anchors did not improve the 
flexural performance of the FRP strengthened slab and, consequently, almost no bending 
moment was redistributed out of the sagging zone into the hogging zone. As noted before, 
this was due to the high tension stiffness (EA value) of the applied carbon sheet. Moreover, 
application of the adopted anchorage system was not successful for the tested slab 
because of the premature failure that occurred. In fact, the CFRP sheet underwent 
undesirably early outer-edge delamination so that a similar maximum strain was recorded 
in the carbon sheet in both Slabs S2 and S3 at the instance of debonding, while it had been 
expected before that the fan anchors would considerably postpone the debonding or even 
cause rupture in the sheet. Hence, it can be stated that negligible moment redistribution 
occurred out of the sagging zone until the FRP debonded, even in spite of anchoring the 
FRP sheet. 
 
Figure 6.25: Experimental Load-Moment curves for Slab S3 
 
 
6.2.4 Slab S4 (hogging-zone strengthening) 
This slab was strengthened using CFRP sheet only in the hogging zone. A piece of carbon 
sheet (300mm x 1200mm) was bonded externally to the top surface of the hogging zone. 
The slab was again loaded through a concentrated load at one mid-span, as shown in 
Figure 6.6. The load was increased until 38kN, at which point FRP delamination was 
initiated, and eventually the sheet debonded at 39kN, when the slab failed. The tension 
steel reinforcement yielded at 21kN in the sagging zone (when the first plastic hinge was 
formed) and at an applied load of 37kN in the hogging zone. Therefore, once the CFRP 
sheet debonded, Slab S4 fully collapsed since the steel reinforcement had already yielded 
in both critical zones and the second plastic hinge was formed immediately after FRP 
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Figure 6.26: Delamination of the CFRP sheet in Slab S4 
In comparison with the control specimen, Slab S4 exhibited smaller deflections before 
hogging zone steel yield occurred, but as anticipated, the ultimate deflection in S4 was 
larger (at FRP debonding) since a greater load was applied before it failed. It was seen that 
the steel reinforcement yielded first in the sagging zone, at an applied load of 22kN, and 
then yielded in the hogging zone at 37kN. Shortly after, the CFRP sheet debonded (at about 
38kN) and the slab failed. A strain of 0.008 (0.8%) was recorded in the CFRP sheet at the 
time of delamination. Presented in Figure 6.27 and Figure 6.28 are the Load-Deflection and 
Load-Strain relationships for the steel bar and CFRP sheet in Slab S4, respectively. 
         
Figure 6.27: Load-Deflection curves for Slab S4            Figure 6.28: Load-Strain curves for Slab S4 
The application of FRP delayed crack initiatiation in the hogging zone. Figure 6.29 indicates 
crack propagation in the hogging zone. Cracking occurred here at 8kN while it happened 
at 6kN in the control slab. As noted for the previous cases, flexural cracking gradually 
propagated towards the ends of the CFRP sheet in both directions, initiated from the 
location of maximum bending moment, and resulted in an abrupt delamination of the sheet. 
At failure, peeling of the carbon sheet was accompanied by the removal of a thin layer of 
concrete, which was attached to the sheet. This proved that sufficient bond strength was 
available between the concrete and the FRP composite. 
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Figure 6.30 illustrates the test results vs DIC results for Slab S4. The Load-Deflection plots 
are related to position of the concentrated load (measured by Transducer-2, Figure 6.2). 
As shown in Figure 6.30, correlation of the DIC results against LVDT displacement readings 
are reasonably good, showing that DIC analysis can be used reasonably. 
     
Figure 6.30: Comparison between the test results and DIC results for Slab S4 
Presented in Figure 6.31 are the strain plots calculated by DIC analysis for Slab S4 at 
different loads from the beginning to debonding. As seen, crack evolution follows the 
cracking pattern presented earlier in this chapter. 
  
  












































Figure 6.31: Strain (εxx) plots calculated by DIC analysis for Slab S4 
A larger proportion of bending moment was redistributed from the sagging zone to the 
hogging zone at debonding in Slab S4, in comparison with that found in the control 
specimen (S1). Despite using FRP material, this is logical since the sagging zone (from 
which moment redistribution initiates) was unstrengthened and had sufficient rotation 
capacity. Moreover, the hogging zone had a higher moment capacity due to the addition of 
FRP. Hence, compared to the control specimen, a higher capacity for moment redistribution 
was available in Slab S4. As described in Chapter 8, the maximum possible moment 
redistribution was 46%. Figure 6.32 indicates the experimental Load-Moment relationship 
for Slab S4, in which 37% moment redistribution (instead of 30%) was observed at FRP 
debonding, with an experimentally recorded 0.8% ultimate strain in the CFRP sheet.  
 
Figure 6.32: Experimental Load-Moment relationships for Slab S4 
Also, as seen in Figure 6.32, even before the steel reinforcement yielded in the sagging 
zone, moment redistribution occurred to some extent out of this zone (about 10%), resulting 
from cracking-induced flexural softening of the zone, but clearly the major moment 
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6.2.5 Slab S5 (hogging-zone strengthening with fan anchors) 
Slab S5 was identical to Slab S4 and strengthened only in the hogging zone using CFRP 
sheet. The test aim was to examine the influence of the anchorage system on moment 
redistribution into the retrofitted zone. Similar carbon sheet (300mm x 1200mm) to that used 
in other slabs, as described in Chapter 5, was bonded externally to the top surface of the 
zone, over the middle support. The sheet was anchored using fan anchors. The slab was 
loaded at one mid-span as shown in Figure 6.6. The load increased until the anchored 
CFRP sheet delaminated first at an applied load of 38kN and completely debonded (at one 
end and both side edges) at 40kN. The load dropped to 33kN. Further load increase was 
impossible since the tensile steel reinforcement had already yielded in both sagging and 
hogging regions. Illustrated in Figure 6.33 are images of the sheet debonding over the 
middle support in the hogging zone.  
       
Figure 6.33: Debonding of the CFRP sheet in the hogging zone of Slab S5 
 
Cracking was initiated in the hogging zone at the location of maximum bending moment 
and then propagated gradually towards the ends of the sheet. Peeling of the carbon sheet 
was accompanied by a thin layer of concrete attached to it, showing sufficient bond strength 
between the concrete and the FRP composite which was provided by epoxy resin. The 
tension steel reinforcement yielded at an applied load of 23kN in the sagging region (when 
the first plastic hinge was formed) and at 37kN in the hogging region. Therefore, upon 
debonding of the CFRP sheet, Slab S5 fully failed since the steel reinforcement had already 
yielded in both the critical zones, and the second plastic hinge was formed immediately.  
Overall, Slab S5 exhibited smaller deflections in comparison with the control specimen but, 
as expected, the application of FRP in the hogging zone caused a larger ultimate deflection 
in Slab S5 at FRP debonding, since a larger load was applied before it failed. Presented in 
Figure 6.34 is the deflected shape of Slab S5 at failure (40kN) and moreover, Figure 6.35 
and Figure 6.36 depict the Load-Deflection and Load-Strain relationships for the steel 
reinforcement and CFRP sheet in Slab S5, respectively. 
 
Figure 6.34: Deflected shape of Slab S5 at failure (40kN) 
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Figure 6.35: Load-Deflection curves for Slab S5        Figure 6.36: Load-Strain curves for Slab S5 
 
As displayed in Figure 6.33 and Figure 6.37, the fan anchors exhibited a strong structural 
performance as they did not rupture or pull out from the concrete substrate, and all 
remained in place firmly. Nonetheless, similar to Slab S3, the carbon sheet debonded from 
both of its longitudinal side edges which were not anchored by fan fibres. Cracking began 
in the retrofitted zone at about 4kN. Figure 6.27 shows crack propagation in the hogging 
region of Slab S5. 
 
Figure 6.37: Crack propagation in the hogging zone of Slab S5 
 
Figure 6.38 illustrates the test results vs DIC results for Slab S5. The Load-Deflection plots 
are related to position of the concentrated load (measured by Transducer-2, Figure 6.2). 
As shown in Figure 6.38, correlation of the DIC results against LVDT displacement readings 
are reasonably good, showing that DIC analysis can be used reasonably. 
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Presented in Figure 6.39 are the strain plots calculated by DIC analysis for Slab S5 at 
different loads from the beginning to debonding. As seen, crack evolution follows the 





Figure 6.39: Strain (εxx) plots calculated by DIC analysis for Slab S5 
Displayed in Figure 6.40 is the experimental Load-Moment relationship for Slab S5 obtained 
from the experimental data, in which moment redistribution of 37% was observed at first 
FRP debonding. Slab S5 exhibited a similar flexural behaviour to that in Slab S4, and a 
larger proportion of bending moment was redistributed from the sagging zone to the 
hogging zone at debonding, in comparison with the control slab (S1). Unfortunately, the 
application of fan anchors was not effective in terms of improving flexural performance of 
this FRP strengthened slab since an identical ultimate strain value (𝜀𝑑𝑒𝑏 = 0.8%) was 
recorded experimentally in the carbon sheet in both cases. Consequently, almost a similar 
amount of bending moment was redistributed out of the sagging zone (into the hogging 
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been expected to considerably postpone the FRP debonding or even cause rupture in the 
carbon sheet (𝜀𝑢 = 0.015). The maximum possible moment redistribution was also 46% in 
Slab S5. 
 
Figure 6.40: Experimental Load-Moment curves for Slab S5 
As seen in Figure 6.40, flexural softening of the sagging region due to cracking caused 
some moment redistribution prior to the sagging zone steel yielding but, had undoubtedly, 
the majority of moment redistribution occurred after the tension steel reinforcement yielded.  
 
6.2.6 Slab S6 (sagging and hogging-zone strengthening) 
Slab S6 was flexurally strengthened using CFRP sheet in both the hogging and sagging 
zones. Similar pieces of carbon sheet (300mm x 1200mm) to those used for the other slabs 
were bonded externally to the top surface of the hogging zone, and to the soffit of the 
sagging zone. The slab was statically loaded at one mid-span as shown in Figure 6.6. The 
load was increased until the CFRP sheet in the sagging region delaminated at 46kN, at 
which point the load dropped to 27kN. Further load was subsequently applied up to 39kN, 
at which point the hogging zone CFRP sheet delaminated, and the slab failed completely. 
Figure 6.41 shows the sheet delamination in both hogging and sagging zones of Slab S6.  
   





























Chapter 6: Test results and observations   Slabs 
115 
 
   
Figure 6.41: Delamination of the CFRP sheets in Slab S6 
The tension steel reinforcement yielded at an applied load of 36kN in the sagging zone 
before the CFRP sheet debonded from the soffit. In the hogging zone, after FRP debonding 
had occurred in the sagging zone (at an applied load of 37kN), steel yield occurred. 
Therefore, once the hogging zone CFRP sheet debonded, Slab S6 failed instantly since the 
steel reinforcement had already yielded in both the critical zones and a plastic hinge was 
formed immediately after each FRP debonding. Also, concrete crushing was observed in 
both regions following each hinge formation.  
In comparison with the control specimen, Slab S6 exhibited smaller deflections before the 
first debonding occurred, but the ultimate deflection in Slab S6 was larger at the hogging 
zone FRP debonding, since a greater ultimate load was applied in this case. An ultimate 
strain of 0.008 (0.8%) was experimentally recorded in both CFRP sheets at the time of 
delamination. Figure 6.42 indicates the deflected shape of Slab S6 at failure (39kN) and, in 
addition, depicted in Figure 6.43 and Figure 6.44 are the Load-Deflection and Load-Strain 
relationships for the steel reinforcement and CFRP sheet, respectively. 
 
Figure 6.42: Deflected shape of Slab S6 at failure (39kN) 
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Cracking was initiated at an applied load of 4kN in the sagging and hogging zones. Identical 
to other test specimens, flexural cracking began from the location of maximum bending 
moment in both critical regions and then gradually propagated along the length of the CFRP 
sheets, resulting in an abrupt delamination. It was observed that a thin layer of concrete 
was attached to the debonded CFRP sheet, demonstrating sufficient bond strength 
between concrete and FRP laminate in both the sagging and hogging zones. Figure 6.45 
indicates crack propagation in the sagging and hogging zones of Slab S6. 
 
       
Figure 6.45: Crack propagation in Slab S6 
Figure 6.46 illustrates the test results vs DIC results for Slab S2. The Load-Deflection plots 
are related to position of the concentrated load (measured by Transducer-2, Figure 6.2). 
As shown in Figure 6.46, correlation of the DIC results against LVDT displacement readings 
are reasonably good, showing that DIC analysis can be used reasonably. The difference 
towards the end part is due to the fact that FRP debonding occurred suddenly, and no 
image was taken at the instant of debonding. 
     
Figure 6.46: Comparison between the test results and DIC results for Slab S6 
Presented in Figure 6.47 are the strain plots calculated by DIC analysis for Slab S6 at 
different loads from the beginning to debonding. As seen, crack evolution follows the 
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Figure 6.47: Strain (εxx) plots calculated by DIC analysis for Slab S6 
 
Due to the application of CFRP sheet, much smaller magnitude of bending moment was 
redistributed from the sagging zone to the hogging zone at FRP debonding (in the sagging 
zone) in Slab S6, in comparison with the control specimen (S1). Figure 6.48 illustrates the 
experimental Load-Moment relationship for Slab S6 (in the hogging and sagging zones) in 
which 9.7% moment redistribution was observed at sagging-zone FRP debonding, with an 
ultimate strain of 0.008 (0.8%) recorded in the CFRP sheet. As described in Chapter 8, the 
maximum possible moment redistribution in this slab was 14%, while it was 30% in Slab 
S1, indicating the restricting effect of FRP strengthening of the critical sections (from which 












































Figure 6.48: Experimental Load-Moment curves for Slab S6 
As seen in Figure 6.48, the major portion of moment redistribution occurred after steel 
yielding in the sagging zone, but a small magnitude (3%) of bending moment was 
redistributed from the sagging zone even before steel yield, resulting from cracking-induced 
flexural softening of the zone. 
 
 
6.2.7 Slab S7 (sagging and hogging-zone strengthening with fan anchors) 
Slab S7 was strengthened using a similar strengthening scheme to that applied to Slab S6. 
The sheets were anchored using fan anchors to examine the influence of FRP anchorage 
on moment redistribution into and out of the simultaneously-retrofitted zones. However, 
considering the results obtained from testing Slabs S3 and S5, it was anticipated that the 
adopted anchorage system will not help the flexural performance. Nevertheless, the results 
are presented for completeness and consistency.  
One piece of carbon sheet (300mm x 1200mm) was bonded externally to both the hogging 
zone (over the central support) and the sagging zone (on the soffit of the slab). Both carbon 
sheets were anchored using fan anchors. The slab was loaded using the loading 
arrangement displayed in Figure 6.6. The load was increased until the anchored CFRP 
sheet, applied in the sagging region, delaminated at 49kN. Immediately after, the load 
dropped to 31kN. Further load was subsequently applied up to 41kN at which point the 
hogging zone CFRP sheet delaminated, and the slab failed completely. Figure 6.49 shows 
the sheet delamination in both hogging and sagging zones of Slab S7. Since the tension 
steel reinforcement had already yielded at both critical sections, any load increase was 
































      
Figure 6.49: Delamination of the CFRP sheet in Slab S7 
The steel reinforcement yielded at an applied load of 38kN in the sagging zone before the 
CFRP sheet debonded from the soffit, but the hogging zone steel reinforcement yielded 
after FRP debonding had occurred in the sagging zone (at an applied load of 37kN). 
Therefore, upon delamination of the hogging zone CFRP sheet, Slab S7 failed instantly, 
like Slab S6, since the steel reinforcement had already yielded in both the critical zones. In 
addition, concrete crushing was observed in both regions following FRP separation. An 
ultimate strain of 0.0095 (0.95%) was recorded in the sagging zone CFRP sheet at the time 
of delamination and it was 0.008 (0.8%) in the hogging zone CFRP sheet at debonding. 
Accordingly, In comparison with Slab S6, this slab exhibited a very similar flexural 
behaviour. Shown in Figure 6.50 and Figure 6.51 are the Load-Deflection and Load-Strain 
relationships respectively for the steel bar and CFRP sheet. 
         
Figure 6.50: Load-Deflection curves for Slab S7         Figure 6.51: Load-Strain curves for Slab S7 
Cracking propagated gradually along the length of the CFRP sheet in both hogging and 
sagging zones (initiated from the location of maximum bending moment) until it reached the 
end of the carbon sheet, and then the sheet abruptly debonded. Identical across all slabs, 
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sheet, demonstrating sufficient bond strength between concrete and FRP sheet. Crack 
propagation in the hogging and sagging zones is shown in Figure 6.52. 
 
 
Figure 6.52: Crack propagation in Slab S7 
Figure 6.53 illustrates the test results vs DIC results for Slab S7. The Load-Deflection plots 
are related to position of the concentrated load (measured by Transducer-2, Figure 6.2). 
As shown in Figure 6.53, correlation of the DIC results against LVDT displacement readings 
are reasonably good, showing that DIC analysis can be used reasonably. The difference 
towards the end part of the data in Figure 6.53 is due to the fact that the LVDT was detached 
from the slab surface and no readings was recorded afterwards. 
     
Figure 6.53: Comparison between the test results and DIC results for Slab S7 
Presented in Figure 6.54 are the strain plots calculated by DIC analysis for Slab S7 at 
different loads from the beginning to debonding. As seen, crack evolution follows the 















































Figure 6.54: Strain (εxx) plots calculated by DIC analysis for Slab S7 
As shown in Figure 6.54, flexural cracks emerged at a lower applied load in the sagging 
zone than other points along the beam, since this zone was the most highly stressed part 
of the beam because of the adopted loading arrangement. Crack progression occurred 
more quickly in the sagging zone than that in the hogging zone. The Moment-Curvature 
relationship for the critical sections is provided by DIC analysis which is presented in 
Chapter 9 and compared with the analytical and experimental results. 
For further investigation and comparison, the DIC results are provided for other strain 
components, i.e. ε1 and ε2, for Slab S7. The strain profiles are presented in Figure 6.55 at 
48kN (just prior to FRP debonding in the sagging zone) and 40kN (after sheet delamination 
in this zone). The strain profile of ε1 demonstrates formation of shear cracks, and ε2 shows 
concrete crushing under the load position. As shown in both Figures 6.49 and 6.55, deep 
shear cracks emerged in this slab within the loaded span, and shear stirrups appears to 

















































Figure 6.55: Comparison between different strain components for Slab S7,  
at 48kN and 40kN 
 
Illustrated in Figure 6.56 is the experimental Load-Moment relationship for Slab S7. This 
slab exhibited a very similar flexural behaviour to that of Slab S6, but with a slight difference. 
A lower degree of moment redistribution occurred in this case compared with that in Slabs 
S1 and S5 but it was clearly more than that in Slab S3. Identical to what happened in Slab 
S5, application of fan anchors did not improve curvature ductility of the FRP strengthened 
zone if it is compared with Slab S6, since similar ultimate strains (𝜀𝑑𝑒𝑏−𝑠𝑎𝑔𝑔𝑖𝑛𝑔 = 0.95% and 
𝜀𝑑𝑒𝑏−ℎ𝑜𝑔𝑔𝑖𝑛𝑔 = 0.8%) were recorded in the carbon sheet in both cases. Consequently, just 
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out of the sagging zone (into the hogging zone) in Slab S7. Indeed, despite using fan 
anchors, premature failure again occurred in this slab. As described in Chapter 8, the 
maximum possible moment redistribution in this slab was 14% which was similar to that of 
Slab S6. 
 
Figure 6.56: Experimental Load-Moment curves for Slab S7 
 
6.3 Bond strength testing 
Reliability in the effective performance of the adhesion between concrete and FRP depends 
on how forces can be transferred from concrete surface to FRP material. Ideally, a perfect 
bond between them is desired but this is not possible, of course. Since a finite bond strength 
between FRP and concrete plays a significant role in the structural behaviour of FRP-
strengthened concrete beams, it is necessary to show that adequate bod strength has been 
achieved. The American Concrete Institute (ACI) Committee 440.2R document (ACI 
440.2R-08) proposes the minimum required tension adhesion strength of 1.4 MPa (200 psi) 
accompanied by failure occurring in the concrete substrate. 
To measure the bond strength, a post-experiment pull-off test was conducted in accordance 
with ASTM C1583. The pull-off method is generally used to quantify in-place bond strength 
between FRP and concrete substrate or to evaluate the influence of surface preparation 
techniques on the tensile strength of concrete substrate before strengthening or concrete 
repair. To carry out the bond test, three dollies (discs) were installed on the prepared testing 
area of Slab S4, and three dollies were installed on Slab S7. The compressive strength of 
concrete was 33MPa. Before attaching them by epoxy resin, a partial core was cut around 
the discs in the concrete cover using an angle grinder. The dollies were pulled off after one 
day using a hydraulic testing machine. Figure 6.57 illustrates the bond tests conducted on 




























Slab S7 (sagging and hogging zone strengthening with fan anchors)




Figure 6.57: Bond test conducted on the strengthened slabs 
Among the three possible failure modes displayed in Figure 6.58 (which include: (a) failure 
in the concrete substrate, (b) failure in the resin and (c) failure in the strengthening material), 
failure in the concrete substrate was observed in all samples, indicating that the bond 
strength was greater than the tensile strength of the concrete.  
 
Figure 6.58: Failure modes of the bond test (Germann Instrumentation) 
As shown in Figure 6.59 and given in Table 6.2, an average value of 0.84 MPa was obtained 
from the bond tests across all samples which was less than the minimum required bond 
strength recommended by ACI 440.2R-08. However, since the debonding of FRP sheet 
occurred within the concrete substrate in all slabs, and a common strain of at least 0.008 
was recorded in the carbon sheets at the time of debonding, the low bond strength obtained 
from the bond tests did not lead to undue concern. It should also be recommended that the 
bond tests were conducted on visually intact parts of FRP on specimens which had already 
failed, such that the possibility of residual damage existed.  
                    Table 6.2: Bond test results 
 













Mean value 0.84 
Standard deviation 0.09 
Coefficient of variant 10 
(a) (b) (c) 
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6.4 Summary  
The experimental results of the slabs have been provided in this chapter. For each test 
specimen, details of flexural performance, including crack initiation and evolution, steel 
yielding and FRP delamination have been presented. The level of moment redistribution 
out of and into the critical zones has been provided. Listed in Table 6.3 is a summary of the 
test results for the slabs.  





















34 - 30 30 
S2 Sagging - FRP debonding 49 0.008 0 0 
S3 Sagging Fan anchor FRP debonding 51 0.008 0 0 
S4 Hogging - FRP debonding 39 0.008 37 46 
S5 Hogging Fan anchor FRP debonding 40 0.0085 37 46 
S6 Hog&Sag - FRP debonding 46 0.008 9.7 14 
S7 Hog&Sag Fan anchor FRP debonding 49 0.0095 11.5 14 
 
The experimental results indicate that if the critical region of a flexural concrete member 
from which moment redistribution initiates is strengthened using FRP, the capacity for 
moment redistribution is reduced (but still feasible to some extent), while FRP strengthening 
of the region into which bending moments are redistributed improves moment redistribution 
capacity of the flexural member, provided that premature debonding is prevented. As 
described in this chapter, application of fan anchors has not been successful and could not 
improve the ductility and the level of moment redistribution in the anchored FRP 
strengthened slabs. This might have been due to application of the fan anchors not 
extending across all fibres. In fact, the arrangement adopted for the fan anchors has not 
been suitable for the adopted type and layer numbers of the CFRP sheet applied for 
strengthening purpose. This has caused relatively similar debonding strains to be recorded 
in both anchored and un-anchored CFRP sheets.  
Bond tests were carried out to evaluate bond performance between the CFRP sheet and 
concrete substrate. Bond strength value were found to be less than the minimum required. 
However, given that a thin layer of concrete was attached to the FRP in every delamination, 
this is not considered to be problematic. 
Digital Image Correlation analysis was applied to the test specimens to determine the strain 
profile over the entire specimen and to track the displacements. The DIC deflection results 
were verified by the experimental data collected using LVDTs. A good comparison was 
observed between the two sets of results. A detailed description of this study on flexural 
softening (which causes moment redistribution) was presented in this chapter. The 









In this chapter, the test observations and results related to the T-beams are presented 
separately for each specimen. These include the flexural behaviour, modes of failure in the 
control and strengthened T-beams, and also the degree of moment redistribution which 
occurred into and out of the critical zones in each test. In addition, the influence of 
strengthening configuration and anchoring of the FRP on the capacity for moment 
redistribution is demonstrated. Strain analysis and investigation into flexural softening of 
the critical sections are also undertaken using digital image correlation (DIC) analysis.  The 
results of bond strength tests conducted on the strengthened beams are presented at the 
end of this chapter.  
 
7.2 Test results 
Specifications, preparation and construction details of the T-beams and the related test set-
up were described in Chapters 4 and 5. In the following sections, each experiment is 
described, including the Load-Deflection and Load-Strain relationships, cracking patterns, 
flexural performance, failure modes and the magnitude of bending moment which is 
redistributed within the critical regions. All T-beams were tested under a similar method to 
that described in Chapter 5 (Section 5.3.3). The test results for the T-beams have been 
summarised in Table 7.1. 


















T1 N.A (control) - 
Concrete 
crushing 
37 54 - - 34 
T2 Sagging - 
FRP 
debonding 
53 54 - 0.0035 6.5 
T3 Sagging U-wraps 
FRP 
debonding 
55 104 55 0.012 9.5 
T4 Hogging - 
FRP 
debonding 
32 71 54 0.009 48 
T5 Hog&Sag - 
FRP 
debonding 
54 52 71 0.0035 9.5 
T6 Hog&Sag U-wraps 
FRP 
debonding 
63 114 55 0.012 12.7 
Table continues onto the next page  




















U1 N.A (control) - 
Concrete 
crushing 
33 55 - - 32 
U2 Sagging - 
FRP 
debonding 
54 94 55 0.015 11 
U3 Hogging - 
FRP 
debonding 
32 62 56 0.0035 42 
U4 Hogging U-wraps 
FRP 
debonding 
33 72 55 0.009 52 
U5 Hog&Sag - 
FRP 
debonding 
58 92 85 0.010 18 
U6 Hog&Sag U-wraps 
FRP 
debonding 
61 106 83 0.014 20 
 
T-series  
7.2.1 Beam T1 (control) 
Beam T1 was unstrengthened and tested as the control specimen. After applying a 
concentrated load, a plastic hinge was formed in the sagging zone (under the load position) 
first, as expected, (i.e. steel reinforcement yielded at an applied load of 37kN, followed by 
concrete crushing), and bending moments were redistributed from the sagging zone to the 
hogging zone until the hogging zone reached its moment capacity too (i.e. the tension steel 
reinforcement yielded at an applied load of 54kN, followed by concrete crushing) and further 
load increase was impossible. Plastic hinge formations in both the sagging and hogging 
regions were clearly observed (Figure 7.1). Concrete crushed in the sagging zone (at about 
48kN) prior to ultimate failure but the beam could resist further applied load until the hogging 
region failed. 
    
Figure 7.1: Formation of the plastic hinges at failure in Beam T1 
Figure 7.2 displays the deflected shape of Beam T1 at an early stage of loading (14kN) in 
which the order and numbering arrangement of the LVDTs aligned on top of the test beam 
are seen. Illustrated in Figure 7.3 is the Load-Displacement relationship for Beam T1, 
plotted from the collected experimental data. 
 
Figure 7.2: Deflected shape of Beam T1 at an applied load of 14kN 
Sagging  
Hogging  
Tr-1 Tr-2 Tr-3 Tr-4 Tr-5 Tr-6 




Figure 7.3: Load-Deflection relationships for Beam T1 
Crack propagation was monitored by manual marking, during the course of the experiment. 
It was observed that cracking was initiated in the sagging zone before other points along 
the beam, and propagated towards the supports. Shortly after, flexural cracks emerged in 
the hogging zone and propagated away from the middle support in both directions. Shown 
in Figure 7.4 is the crack evolution in both the sagging and hogging zones of Beam T1. 
   
 
Figure 7.4: Crack propagation in Beam T1 
Shown in Figure 7.5 are the Load-Strain curves for the steel bars. The strain data were 
collected using the strain gauges installed on the internal bars. The bars yielded at applied 
loads of 37kN and 54kN in the sagging and hogging zones respectively.  
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Flexural behaviour of each (unstrengthened and strengthened) beam has been investigated 
through finding the relationship between the applied load and the magnitude of the 
distributed bending moments in the sagging and hogging zones, as illustrated schematically 
in Figure 7.6. Moment redistribution has been quantified for each beam by tracking the 
variation of bending moment distribution during loading. 
 
Figure 7.6: Schematic bending moment diagram in the T-beams 
Beam T1 exhibited a fully ductile flexural behaviour with 34% moment redistribution (from 
the sagging zone to the hogging zone) at ultimate failure (i.e. concrete crushing in the 
hogging zone). Moment redistribution was calculated using a similar manner to that 
described in Chapter 6 (Eq 6.1). Figure 7.7 indicates the experimental Load-Moment 
relationship for Beam T1, obtained from the collected data.  
Figure 7.7, in addition, shows that moment redistribution began from the sagging zone, 
even before the tension steel bars yielded, resulting from cracking-induced flexural 
softening of the sagging zone, but the majority of moment redistribution occurred after steel 
reinforcement yielded in this zone.  
 
Figure 7.7: Experimental Load-Moment curves for Beam T1 
A DIC strain analysis was carried out for the T-beams using a similar procedure to that used 
for the slabs (described in Section 6.2). The results provided by the DIC analysis allowed 
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sagging and hogging zones, due to concrete cracking and steel yielding. Figure 7.8 displays 
the arrangement of the equipment for DIC data acquisition. 
 
 
Figure 7.8: Data acquisition for DIC analysis in T-beams 
The images were collected during testing using the equipment and correlated later with the 
loading data to determine the related strain and displacement distribution on the concrete 
surface accurately. In addition, it should be mentioned that, as illustrated in Figure 7.9, the 
results are solely provided for a limited area of the beams (not the whole length) which only 
covers the critical zones (i.e. the sagging and hogging zones) in which bending moments 
were redistributed, to reduce the processing time. 
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The DIC method can provide both qualitative and quantitative analysis for the test 
specimens over the loading cycle. To ensure that the strain analysis was undertaken 
correctly and the DIC results were accurate, a comparison was made for each T-beam 
between the experimental displacements (recorded by LVDTs) and those calculated 
through numerical interpolation by DIC analysis. Figure 7.10 illustrates the correlation 
between the test results and DIC results in Beam T1, related to the position of the 
concentrated load (measured by Transducer 2, Figure 7.2).  
     
Figure 7.10: Comparison between the test and DIC results for Beam T1 
The good comparison observed in Figure 7.10 (left) indicated that the DIC analysis can be 
relied on for displacement. The small difference between the two results in Figure 7.10 (left) 
is due to the fact that the DIC data acquisition was terminated before the actual testing 
finished. Presented in Figure 7.11 are the strain plots calculated by DIC analysis for Beam 
T1 at different stages of loading, in which crack evolution is observed. As seen, the pattern 
of cracking in this figure follows the cracking pattern presented earlier in this chapter.  
  
  












































Figure 7.11: Strain (εxx) plots calculated by DIC analysis for Beam T1 
As seen in Figure 7.11, flexural cracks emerged first in the sagging zone (which was less 
stiff than the hogging zone), since the beam was originally designed based on moment 
redistribution consideration.  The greater and faster crack progression in the sagging zone 
(than that in the hogging zone) demonstrated how flexural softening occurred in the beam 
within the critical section and how bending moments were redistributed between the zones 
over the loading cycle. The deeper and wider cracks evolving in the sagging zone shows 
yielding of the steel bars in the zone which is providing high capacity of moment 
redistribution. It is to be noted that the strain plots have been provided with the lowest 
resolution (only) for this beam as the speckled B/W pattern was not appropriate enough in 
this beam. The results for the other beams have been provided with the highest resolution 
after taking much care in painting the specimens appropriately. The Moment-Curvature 
relationship for the critical sections are provided by DIC, which is presented in Chapter 9 
and compared with the analytical and experimental results. 
 
 
7.2.2 Beam T2 (Sagging-zone strengthening) 
Due to the application of CFRP plate on its soffit of Beam T2, this beam exhibited a relatively 
elastic flexural behaviour before FRP failure began. A 1400mm-long precured CFRP plate 
was bonded externally to the sagging zone. As shown in Figure 7.6, a concentrated load 
was applied to one mid-span (i.e. the span which was strengthened using carbon plate). 
The load was continually increased until the CFRP plate debonded at an applied load of 
54kN, and the experiment was deliberately terminated. The reason was to avoid extra 
loading and cracking after the FRP failure so that a number of post-experiment FRP-to-
concrete bond strength tests could be conducted later. The CFRP plate debonded abruptly, 
accompanied by a loud noise, while a low strain of 0.0035 (0.35%) was recorded in the 
plate at debonding. This might be due to the stiff nature of the adopted FRP plate and high 
concentration of longitudinal shear stresses under the load position which was very near to 














































    
Figure 7.12: Debonding of the CFRP plate in Beam T2 
A smaller deflection was recorded in Beam T2, before the CFRP plate debonded, compared 
with the unstrengthened control beam, as anticipated. Presented in Figure 7.13 is the Load-
Deflection relationships at different points along this beam. In addition, the Load-Strain 
relationships for the steel bars and CFRP plate can be seen in Figure 7.14, showing that 
the tension steel bars yielded in the sagging region at a lower applied load than those in 
the hogging region, although the sagging zone was strengthened using FRP. In contrast, 
the sagging zone steel reinforcement yielded at a higher applied load (53kN), compared 
with that in the control beam (37kN), which meant an increase in the moment capacity of 
the sagging section after strengthening.  
   
Figure 7.13: Load-Deflection curves for Beam T2        Figure 7.14: Load-Strain curves for Beam T2 
Cracking was initiated at an applied load of 14kN in the sagging zone and 22kN in the 
hogging zone. The restricting effect of the FRP on crack opening caused a different cracking 
pattern, crack spacing and crack widths in the sagging zone in comparison with those in 
the unstrengthened control beam. As shown in Figure 7.15, the sagging zone cracks in 
Beam T2 were larger in terms of numbers (spread out along the plate’s length) but narrower, 
while the sagging zone cracks in Beam T1 were wider and were formed closer to the load 


















































Figure 7.15: Crack propagation in Beam T2 
Figure 7.16 illustrates the test results vs DIC results for Beam T2. The Load-Deflection plots 
are related to position of the concentrated load (measured by Transducer-2, Figure 7.2). 
As shown in Figure 7.16, correlation of the DIC results against LVDT displacement readings 
are reasonably good, showing that DIC analysis can be used reasonably. The small 
difference between the two results in Figure 7.16 is due to the fact that FRP debonding 
occurred suddenly and no image was taken for the instance of debonding. 
   
Figure 7.16: Comparison between the test results and DIC results for Beam T2 
Presented in Figure 7.17 are the strain plots calculated by DIC analysis for Beam T2 at 
different loads from the beginning to debonding. As seen, crack evolution follows the 














































Figure 7.17: Strain (εxx) plots calculated by DIC analysis for Beam T2 
As shown in Figure 7.17, flexural cracks emerged first in the sagging zone since this zone 
was the most highly stressed part of the beam because of the loading arrangement. Crack 
progression occurred more quickly in the sagging zone than that in the hogging zone which 
demonstrated how flexural softening occurred in the beam within the critical sections and 
how bending moments were redistributed between both zones over the loading cycle. The 
Moment-Curvature relationship for the critical sections is provided by DIC analysis, which 
is presented in Chapter 9 and compared with the analytical and experimental results. 
Considering the observation and experimental data collected, Beam T2 exhibited 
approximately linear elastic flexural behaviour during the experiment, until the FRP plate 
debonded. Accordingly, a low moment redistribution of 6.5% occurred out of the sagging 
zone into the hogging zone at debonding. Figure 7.18 illustrates the Load-Moment 
relationships for the sagging and hogging regions in Beam T2, in which it can be seen that 
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before the steel reinforcement yielded, which was due to the cracking-induced stiffness 
reduction of the beam. As discussed later in Chapter 9, the maximum possible moment 
redistribution in this beam was 12%.  
 
Figure 7.18: Experimental Load-Moment curves for Beam T2 
 
7.2.3 Beam T3 (Sagging-zone strengthening with U-wrap anchors) 
A similar strengthening scheme to that used in Beam T2 was applied to Beam T2. However, 
the CFRP plate was anchored in Beam T3, using inclined U-wraps, to examine the influence 
which anchorage of the FRP might have on the level of moment redistribution which occurs 
out of an FRP-strengthened zone. The carbon plate was bonded externally to the soffit, and 
the beam was loaded with a single concentrated load, as shown in Figure 7.6. The load 
was continually increased until the anchored CFRP plate debonded abruptly at one end 
(with a very loud noise, accompanied by delamination of the U-wraps), at an applied load 
of 104kN. Illustrated in Figure 7.19 are images of the plate debonding from the soffit of the 
sagging zone. Straight away, the load dropped to 51kN. The load was subsequently 
increased until Beam T3 failed at an applied load of 54kN due to yielding of the steel bars 
in the hogging zone, followed by concrete crushing.  
Similar to Beam T2, flexural cracks (i.e. intermediate cracks) in Beam T3 emerged from the 
location of maximum bending moment and propagated gradually along the length of the 
beam, and towards the ends of the carbon plate in both directions. A larger number of 
intermediate cracks were observed, along the FRP plate’s length, until these cracks 
reached one plate end and the plate catastrophically debonded. It is worth noting that 
peeling of the carbon plate was accompanied by a thin layer of concrete which was attached 
to the carbon plate, showing an appropriate bond performance between the concrete 
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Figure 7.19: Debonding of the anchored CFRP plate in Beam T3 
 
Illustrated in Figure 7.20 are the Load-Deflection curves for Beam T3 in which it can be 
seen that the application of FRP clearly reduced the displacement of the beam, compared 
with Beam T1. The steel bars yielded in the sagging zone at an applied load of 55kN (before 
the FRP debonded), while the hogging zone steel bars yielded at 54kN, after debonding of 
the CFRP plate. Figure 7.21 shows the Load-Strain relationships for the steel reinforcement 
and CFRP plate.  
The U-wrap anchorage system offered effective performance in enhancing the flexural 
behaviour of the retrofitted beam. An ultimate strain of 1.2% (0.012) was recorded in the 
carbon plate at debonding, showing a significant increase in the experimental elongation of 
the CFRP plate before it debonded (compared with an ultimate strain of 0.35% in Beam 
T2). However, the anchorage system could not change the mode of failure from FRP 
debonding to plate rupture to allow the carbon plate to reach its capacity. The U-wrap 
anchors remained well attached to the concrete beam during loading, and eventually 
debonded from both faces of the web under the load position, not from the plate end, as 
shown in Figure 7.19. 
           
Figure 7.20: Load-Deflection curves for Beam T3 Figure 7.21: Load-Strain curves for Beam T3                 
Cracking in Beam T3 began at an applied load of 18kN in the sagging zone and at 22kN in 
the hogging zone. The patterns of cracking in the sagging and hogging zones are shown in 
Figure 7.22. Crack spacing and widths were different in Beam T3 from those observed in 
Beam T2, since the ultimate loads were considerably different in the two cases. Accordingly, 

















































Figure 7.22: Crack propagation in Beam T3 
Figure 7.23 illustrates the test results vs. DIC results for Beam T3. The Load-Deflection 
plots are related to position of the concentrated load (measured by Transducer-2, Figure 
7.2). As shown in Figure 7.23, correlation of the DIC results against LVDT displacement 
readings are reasonably good, showing that DIC analysis can be used reasonably. The 
small difference between the two results in Figure 7.23 is due to the fact that FRP 
debonding occurred suddenly and no image was taken at the instant of debonding. 
  
Figure 7.23: Comparison between the test results and DIC results for Beam T3 
Presented in Figure 7.24 are the strain plots calculated by DIC analysis for Beam T3 at 
different loads from the beginning to debonding. As seen, crack evolution follows the 
cracking pattern presented earlier in this chapter.  
  















































Figure 7.24: Strain (εxx) plots calculated by DIC analysis for Beam T3 
As shown in Figure 7.24, flexural cracks emerged first in the sagging zone since this zone 
was the most highly stressed part of the beam because of the loading arrangement. Crack 
progression occurred more quickly in the sagging zone than that in the hogging zone which 
demonstrated how flexural softening occurred in the beam within the critical sections and 
how bending moments were redistributed between both zones over the loading cycle. The 
Moment-Curvature relationship for the critical sections is provided by DIC analysis, which 
is presented in Chapter 9 and compared with the analytical and experimental results. 
Beam T3 exhibited a relatively linear elastic flexural behaviour throughout the test, similarly 
to Beam T2, until FRP debonded. However, a slight change, from linear to nonlinear, 
occurred in the flexural behaviour in this Beam after yielding of the steel bars in the sagging 
zone. Application of the U-wrap anchors effectively increased rotation capacity of the FRP 
strengthened zone by improving the bond performance between concrete and the FRP. 
Consequently, more bending moments (9.5%) were redistributed out of the sagging zone 
into the hogging zone, compared to those redistributed in Beam T2 (6.5%). Shown in Figure 
7.25 are the Load-Moment relationships for the sagging and hogging zones, in which the 
degree of moment redistribution can be seen at different stages of loading. Also, it shows 
that cracking of the beam caused stiffness reduction, resulting in a moment redistribution 
of 4% into the hogging zone even before the steel reinforcement yielded. In addition, from 
the beginning to the failure, the direction of moment redistribution was only from the sagging 
zone to the hogging zone, showing a higher rate of flexural stiffness reduction in the sagging 
region than in the hogging region. As demonstrated later in Chapter 9, the maximum 











































Figure 7.25: Experimental Load-Moment curves for Beam T3 
 
7.2.4 Beam T4 (Hogging-zone strengthening) 
CFRP tapes were inserted into the concrete substrate using the NSM technique to 
strengthen the hogging region of Beam T4, over the central support. A single concentrated 
load was applied at one mid-span (Figure 7.6), until the beam failed at an ultimate load of 
71kN due to debonding of the two embedded CFRP tapes, almost simultaneously and 
accompanied by a very loud noise. The debonding caused the tapes to start slipping inside 
the grooves. The first plastic hinge was formed in the sagging zone once the tension steel 
reinforcement yielded, and the second hinge was formed instantly after FRP debonded 
since the hogging zone steel reinforcement had already yielded prior to FRP debonding. 
Therefore, once debonding occurred, Beam T4 fully collapsed. Despite the fact that 
concrete crushing began at an applied load of 59kN in the sagging region at which point 
the section failed, the applied load could be increased up to 71kN and the beam could still 
withstand the additional loads. The failure of the inserted NSM tapes, over the central 
support, was invisible during testing because, as shown in Figure 7.26, they did not come 
out of the grooves, but remained in place.  
     
Figure 7.26: Failure of the NSM tapes in Beam T4, over the central support 
Illustrated in Figure 7.27 are the Load-Deflection curves for Beam T4. In comparison with 
the control beam, T4 experienced a smaller displacement because FRP retrofitting caused 
this beam to become stiffer. The tension steel bars yielded at an applied load of 32kN in 
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relationships for the steel reinforcement and CFRP NSM tape, separately. An ultimate strain 
of 0.9% (0.009) was recorded at debonding in the NSM tape, even though elongation had 
been expected to be greater due to full confinement of the tapes in epoxy resin.  
         
Figure 7.27: Load-Deflection curves for Beam T4 Figure 7.28: Load-Strain curves for Beam T4 
Cracking was initiated at an applied load of 14kN in both the sagging and hogging zones. 
As shown in Figure 7.29, fewer flexural cracks, but substantially wider than those in the 
hogging zone, were formed in the sagging zone. Compared with the control beam (Figure 
7.4 - hogging), a greater number of flexural cracks emerged over the central support and 
along the length of the NSM tapes, due to a greater ultimate load applied in Beam T4. The 
following figure clearly demonstrates the differences between cracking pattern, crack 
spacing and crack widths in the sagging zone (at the load position) and the hogging zone. 
   
 
Figure 7.29: Crack propagation in Beam T4 
Figure 7.30 illustrates the test results vs DIC results for Beam T4. The Load-Deflection plots 
are related to the position of the concentrated load (measured by Transducer-2, Figure 7.2). 
As shown in Figure 7.30, correlation of the DIC results against LVDT displacement readings 
are reasonably good, showing that DIC analysis can be used reasonably. The small 
difference between the two results in Figure 7.30 is due to the fact that FRP debonding 
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Figure 7.30: Comparison between the test results and DIC results for Beam T4 
Presented in Figure 7.31 are the strain plots calculated by DIC analysis for Beam T4 at 
different loads from the beginning to debonding. As seen, crack evolution follows the 
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As shown in Figure 7.31, flexural cracks emerged first in the sagging zone since this zone 
was the most highly stressed part of the beam because of the loading arrangement. Crack 
progression occurred more quickly in the sagging zone than that in the hogging zone which 
demonstrated how flexural softening occurred in the beam within the critical sections and 
how bending moments were redistributed between both zones over the loading cycle. The 
Moment-Curvature relationship for the critical sections is provided by DIC analysis which is 
presented in Chapter 9 and compared with the analytical and experimental results. 
A higher degree of moment redistribution out of the sagging zone into the hogging zone 
was possible at debonding in Beam T4, in comparison with the control beam (T1). Despite 
using the FRP material, the beam exhibited a ductile behaviour with higher capacity for 
moment redistribution, since the sagging region (from which moment redistribution was 
initiated) was unstrengthened and had sufficient rotation capacity, besides the fact that the 
hogging zone had a higher moment capacity due to the FRP materials which had been 
added. This is discussed further in Chapter 9. Maximum possible moment redistribution in 
this beam was 54%, as demonstrated in Chapter 9. Figure 7.32 indicates the experimental 
Load-Moment relationship for Beam T4, obtained from the collected data, in which 48% 
moment redistribution (compared to the original 34%) is observed at FRP debonding at an 
ultimate strain of 0.9% in the NSM CFRP tape.  
 
Figure 7.32: Experimental Load-Moment relationship for Beam T4  
In addition, as seen in Figure 7.32, even prior to yielding of the steel bars in the sagging 
zone, moment redistribution occurred to some extent out of the sagging zone (about 13%), 
resulting from cracking of the zone, but clearly the majority of the moment redistribution 
occurred after yielding of the sagging zone steel reinforcement.  
 
7.2.5 Beam T5 (sagging and hogging-zone strengthening) 
Beam T5 was simultaneously strengthened in the sagging region (using a 1400mm-long 
precured CFRP plate) and in the hogging region (using two 1600mm-long NSM CFRP 
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plate. The beam was again loaded through a concentrated load at one mid-span. The load 
was continually increased until the CFRP plate debonded at an applied load of 52kN when 
the load dropped to 36kN. The carbon plate debonded abruptly accompanied by a loud 
noise, while a low strain of 0.35% was recorded in the plate at debonding.  
The load was subsequently increased until one of the NSM carbon tapes, embedded into 
the hogging zone, debonded at an applied load of 71kN and the load dropped to 56kN. 
Subsequent load was applied until the second CFRP tape debonded at 62kN and Beam T5 
failed straight away. Considering the data collected through the strain gauges, although it 
was very close, the tension steel bars of the sagging zone did not yield before the carbon 
plate debonded. Illustrated in Figure 7.33 are images of the plate debonding from the soffit 
of the sagging zone and the failure of the NSM tapes in the hogging zone. It is worth noting 
that peeling of the carbon plate was accompanied by a thin layer of concrete attached to 
the plate, while failure of the inserted NSM tapes, over the central support, was invisible 
during testing since the tapes remained in place without coming out of the grooves.  
     
     
Figure 7.33: Failure of the FRP materials in Beam T5 
The tension steel bars in the sagging region yielded at 54kN, after the CFRP plate 
debonded from the soffit, and later the steel bars yielded in the hogging zone at an applied 
load of 65kN, prior to debonding of the NSM tapes. Therefore, once both the hogging zone 
NSM tapes debonded, Beam T5 failed instantly due to the formation of plastic hinges with 
concrete crushing being observed following each hinge formation. In comparison with the 
control specimen, Beam T5 experienced smaller vertical displacements before the plate 
debonding occurred, but, the ultimate deflection was larger (at ultimate failure) since a 
larger ultimate load was applied to this beam, as a result of FRP strengthening. Ultimate 
strains of 0.35% and 1.0% were recorded in the CFRP plate and NSM tapes respectively, 
at debonding. Presented in Figure 7.34 and Figure 7.35 are the Load-Deflection and Load-
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Figure 7.34: Load-Deflection curves for Beam T5 Figure 7.35: Load-Strain curves for Beam T5 
Figure 7.36 shows how flexural cracks propagated in the sagging and hogging zones. 
Cracking was initiated at an applied load of 18kN in the sagging zone and at 22kN in the 
hogging zone. Compared with the control beam (as shown in Figure 7.4), a greater number 
of cracks were formed both at the load position and over the central support. Similar to 
other test specimens, flexural cracks emerged from the location of maximum bending 
moment in both critical regions and then gradually propagated along the length of the 
strengthening materials, eventually leading the carbon plate to debond abruptly, along with 
a loud noise.  
 
       
Figure 7.36: Crack propagation in Beam T5 
Figure 7.37 illustrates the test results vs DIC results for Beam T5. The Load-Deflection plots 
are related to position of the concentrated load (measured by Transducer-2, Figure 7.2). 
As shown in Figure 7.37, correlation of the DIC results against LVDT displacement readings 
is reasonably good, showing that DIC analysis can be used reasonably. The difference 
between the two results in the end part (as seen in Figure 7.37) is due to the fact that FRP 
debonding occurred suddenly and no image was taken at the instant of debonding. In 
addition, the DIC data acquisition was terminated after debonding of the plate such that no 
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Figure 7.37: Comparison between the test results and DIC results for Beam T5 
Presented in Figure 7.38 are the strain plots calculated by DIC analysis for Beam T5 at 
different loads from the beginning to debonding. As seen, crack evolution follows the 
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As shown in Figure 7.38, flexural cracks emerged at a lower applied load in the sagging 
zone since this zone was the most stressed part of the beam because of the adopted 
loading arrangement. Crack progression occurred more quickly in the sagging zone than 
that in the hogging zone. The Moment-Curvature relationship for the critical sections is 
provided by DIC analysis which is presented in Chapter 9 and compared with the analytical 
and experimental results. 
Figure 7.39 indicates the experimental Load-Moment relationship for Beam T5. This beam 
exhibited a relatively linear behaviour, showing less ductility in comparison with the control 
specimen (T1) such that a lower magnitude of bending moment was redistributed out of the 
sagging zone at plate debonding in this zone. A moment redistribution of 9.5% occurred 
before the CFRP plate debonded at a strain of 0.35%. After FRP debonding, this beam 
exhibited a similar behaviour to that of Beam T4, indicating 48% moment redistribution (from 
sagging) before the first NSM tape debonded. As presented in Chapter 9, the maximum 
possible moment redistribution without plate debonding was 14% in Beam T5. In total, a 
higher degree of moment redistribution out of the sagging zone was observed in this beam 
than that in Beam T2 but considerably less than that in Beam T4. This indicates how 
strengthening of different regions of a beam can change the capacity of moment 
redistribution (as discussed further in Chapter 9). 
 
Figure 7.39: Experimental Load-Moment curves for Beam T5 
As seen in the above figure, most moment redistribution occurred after the CFRP plate 
debonded, and the steel reinforcement, then yielded in the sagging zone, although a 
considerable amount of bending moment was redistributed even before this, resulting from 
cracking of the zone. 
 
7.2.6 Beam T6 (sagging and hogging-zone strengthening with U-wrap anchors) 
Beam T6 was retrofitted with a similar strengthening scheme (in terms of the strengthening 
materials, configuration and techniques) to that used in Beam T5, except that the carbon 
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FRP anchorage on moment redistribution capacity out of the plated zone. A carbon plate 
was bonded externally to the beam soffit and two NSM tapes were inserted into the concrete 
substrate, over the central support. The sagging zone FRP plate was anchored using 
inclined U-wraps (which were bonded to the web at an inclination of 450). The beam was 
loaded through a concentrated load, as depicted in Figure 7.6.  
The load was increased until the carbon plate and U-wraps debonded catastrophically at 
an applied load of 114kN (accompanied by a very loud noise), and instantly the beam fully 
collapsed. Apparently, the two NSM tapes debonded immediately after the anchored plate 
debonded, due to the magnitude of the applied load. This demonstrated that anchoring the 
FRP plate caused a large increase in the load bearing capacity of this strengthened beam, 
compared to other specimens. Images of the failure of the strengthened beam in both 
hogging and sagging zones are shown in Figure 7.40.  
  
        
Figure 7.40: Failure of Beam T6 in the sagging and hogging zones 
The Load-Deflection curves for Beam T6 are shown in Figure 7.41. It can be seen that the 
addition of FRP clearly decreased deflection of the beam before the plate debonded, 
compared to that of the control beam. The sagging zone steel bars yielded at a load of 63kN 
before the FRP plate debonded from the soffit, but the hogging zone steel bars did not yield 
prior to ultimate collapse. In addition, concrete crushed in the sagging region following the 
FRP separation.  
Presented in Figure 7.42 are the Load-Strain relationship for the steel reinforcement and 
CFRP materials, respectively. An ultimate strain of 1.2% was recorded in the FRP plate 
when it debonded, indicating the highly effective performance of the U-wrap anchors in 
enhancing the bond strength of the strengthening system and elongation of the FRP 
material (in comparison with a strain of 0.35% in Beam T5), although it could not change 
the failure mode of the FRP plate from debonding to rupture. Moreover, a strain of 0.45% 
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Figure 7.41: Load-Deflection curves for Beam T6        Figure 7.42: Load-Strain curves for Beam T6 
Flexural cracks extended gradually along the length of the FRP plate in the sagging zone 
(initiated from the location of maximum bending moment) until they reached the plate end, 
and then the carbon plate debonded abruptly, accompanied by delamination of the U-wraps 
on both faces of the web. The sagging zone cracking began at an applied load of 18kN and 
the hogging zone cracks emerged at 26kN. Compared with the control beam (see Figure 
7.4), a greater number of flexural cracks were formed both under the load position and over 
the central support, since Beam T6 experienced the largest load among all test specimens 
(as shown in Figure 7.43). Concrete cover separation was observed when the plate was 
peeled off, similarly to all other beams. This indicated that adequate bond strength existed 
between concrete and the FRP plate. 
 
 
Figure 7.43: Crack propagation in Beam T6 
Figure 7.44 illustrates the test results vs DIC results for Beam T6. The Load-Deflection plots 
are related to position of the concentrated load (measured by Transducer-2, Figure 7.2). 
As shown in Figure 7.44, correlation of the DIC results against LVDT displacement readings 
are reasonably good, showing that DIC analysis can be used reasonably. The difference 
between the two results in the beginning (as seen in Figure 7.44) is because a technical 
problem occurred in the data collection system. The difference towards the end part is due 























































Figure 7.44: Comparison between the test results and DIC results for Beam T6 
Presented in Figure 7.45 are the strain plots calculated by DIC analysis for Beam T6 at 
different loads from the beginning to debonding. As seen, crack evolution follows the 
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As shown in Figure 7.45, flexural cracks emerged at a lower applied load in the sagging 
zone than other points along the beam, since this zone was the most stressed part of the 
beam because of the adopted loading arrangement. Crack progression occurred more 
quickly in the sagging zone than that in the hogging zone. The Moment-Curvature 
relationship for the critical sections is provided by DIC analysis which is presented in 
Chapter 9 and compared with the analytical and experimental results. 
Beam T6 exhibited a similar flexural behaviour to that of Beam T5 (of course, prior to 
debonding of the carbon plate in Beam T5). Illustrated in Figure 7.46 is the experimental 
Load-Moment relationship for Beam T6, in which a moment redistribution of 12.7% occurred 
at FRP failure. As demonstrated in Chapter 9, the maximum possible moment redistribution 
was 14%. A lower degree of moment redistribution was possible compared with Beams T1 
and T4 but more than that in Beams T2 and T3. Also, in comparison with Beam T5 (with 
9.5% moment redistribution), a greater degree of moment redistribution (12.7%) occurred 
out of the sagging zone, indicating that the application of U-wraps substantially improved 
curvature ductility of the FRP strengthened zone. A relatively high ultimate strain 
(𝜀𝑑𝑒𝑏−𝑠𝑎𝑔𝑔𝑖𝑛𝑔 = 1.2%) was recorded in the carbon plate at debonding. Although despite 
using U-wrap anchors the mode of failure was debonding (instead of rupture), a great delay 
in debonding occurred, which showed the effectiveness of the applied anchorage system.  
 
 
































Beam T6 (sagging and hogging strengthening with U-wraps)




7.2.7 Beam U1 (control) 
Beam U1 was the unstrengthened beam tested as the control specimen in this test group. 
After loading using a concentrated load (as depicted in Figure 7.6), the sagging zone (under 
the load position) reached steel yield at an applied load of 33kN. A plastic hinge formed in 
this zone, followed by concrete crushing. Bending moments were redistributed from the 
sagging zone to the hogging zone until the hogging zone reached its moment capacity. The 
steel bars yielded in the hogging zone at an applied load of 55kN, when a plastic hinge was 
formed in this zone too, and Beam U1 failed by concrete crushing. The hinge formations in 
both the sagging and hogging zones were clearly observed (Figure 7.47). According to the 
test observation, concrete crushed in the sagging zone at about 47kN, prior to ultimate 
failure. However, the presence of compressive steel reinforcement allowed the beam to 
withstand additional applied loads until the hogging zone failed. 
 
    
Figure 7.47: Formation of the plastic hinges at failure in Beam U1 
 
Illustrated in Figure 7.48 is the experimental Load-Deflection relationship for Beam U1. 
  
Figure 7.48: Load-Deflection curves for Beam U1 
Crack evolution was monitored through manual marking during the experiment. Flexural 
cracks emerged in the sagging zone at an applied load of 18kN, and then propagated 
towards the supports. As such, the hogging zone cracks appeared at an applied load of 
22kN, extending along this zone towards both ends. Shown in Figure 7.49 are cracking 
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Figure 7.49: Crack propagation in Beam U1 
Illustrated in Figure 7.50 are the experimental Load-Strain curves for the tension steel bars. 
The steel reinforcement yielded at applied loads of 33kN and 55kN in the sagging and 
hogging zones, respectively. 
 
Figure 7.50: Load-Strain curves for the steel bars in Beam U1 
Figure 7.51 illustrates the test results vs DIC results for Beam U1. The Load-Deflection 
plots are related to position of the concentrated load (measured by Transducer-2, Figure 
7.2). As shown in Figure 7.51, correlation of the DIC results against LVDT displacement 
readings are reasonably good. The small difference between the two results in the end part 
(in Figure 7.51) is due to the fact that DIC data acquisition was terminated before the actual 
test finished as the beam had already failed. 
     































































Presented in Figure 7.52 are the strain plots calculated by DIC analysis for Beam U1 at 
different loads from the beginning to debonding. As seen, crack evolution follows the 





Figure 7.52: Strain (εxx) plots calculated by DIC analysis for Beam U1 
As seen in Figure 7.52, flexural cracks emerged first in the sagging zone (which was less 
stiff than the hogging zone), since the beam was originally designed based on moment 
redistribution consideration.  The greater and faster crack progression in the sagging zone 
(than that in the hogging zone) demonstrated how flexural softening occurred in the beam 
within the critical sections and how bending moments were redistributed between the zones 
over the loading cycle. The deeper and wider cracks evolving in the sagging zone signified 
yielding of the steel bars in the zone which was providing high capacity for moment 
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by DIC, and are presented in Chapter 9 where they are compared with the analytical and 
experimental results. 
Beam U1 exhibited ductile flexural behaviour allowing for maximum possible moment 
redistribution of 32% from sagging to hogging at ultimate failure (i.e. concrete crushing in 
the hogging zone). Figure 7.53 presents the experimental Load-Moment relationship for the 
sagging and hogging zones of Beam U1. As seen, moment redistribution was initiated from 
the sagging zone even before the steel reinforcement yielded although the degree was 
limited. This was caused by flexural softening of the zone due to concrete cracking, but the 
majority of moment redistribution occurred after steel reinforcement yielded in the sagging 
zone.  
 
Figure 7.53: Experimental Load-Moment curves for Beam U1 
 
 
7.2.8 Beam U2 (sagging-zone strengthening) 
In this beam, two 1500mm-long precured CFRP rectangular tapes were inserted into the 
concrete substrate of the sagging zone using the NSM technique. A concentrated load was 
applied to one mid-span. The load was continually increased until one of the NSM tapes 
debonded at an applied load of 94kN and the load dropped to 80kN. The load was 
subsequently increased again until the second NSM tape debonded too at 83kN. The load 
again dropped to 64kN at which point the tension steel reinforcement in the hogging region 
yielded instantly and the beam failed. Figure 7.54 shows failure of the NSM tapes in the 
sagging zone. Both cases of FRP debonding occurred abruptly, accompanied by a loud 
noise, while a large elongation was recorded in the carbon tapes just prior to debonding. 
An elastic flexural behaviour was observed in Beam U2 prior to steel yield, while the 


































      
Figure 7.54: Failure of the NSM tapes in Beam U2 
Smaller displacements were recorded in Beam U2 before debonding, compared with the 
unstrengthened control specimen. Presented in Figure 7.55 is the Load-Deflection 
relationship for Beam U2 at different locations. Moreover, the Load-Strain relationship for 
the steel reinforcement and NSM tape can be seen in Figure 7.56, showing that the steel 
bars yielded in the sagging zone at a lower applied load than those in the hogging zone 
despite the sagging zone being strengthened. However, yielding of the sagging zone 
reinforcement occurred at a greater load (54kN), compared with that in the control beam 
(33kN), indicating an increase in the moment capacity of the section. An ultimate strain of 
1.5% was recorded just prior to debonding of the NSM carbon tapes which was relatively 
large, demonstrating a reasonable performance of the NSM tapes through to failure. 
     
Figure 7.55: Load-Deflection curves for Beam U2   Figure 7.56: Load-Strain curves for Beam U2 
Initiation of cracking occurred at an applied load of 18kN in both the sagging and hogging 
zones. Cracking patterns, crack spacing and crack widths in the sagging zone were different 
from those of the unstrengthened beam, due to the restricting effect of the FRP on crack 
opening, as shown in Figure 7.57. A larger number of cracks, but narrower, were spread 
out along this zone, whereas the sagging zone cracks were emerged only at the load 



















































Figure 7.57: Crack propagation in Beam U2 
Figure 7.58 illustrates the test results vs DIC results for Beam U2. The Load-Deflection 
plots are related to position of the concentrated load (measured by Transducer-2, Figure 
7.2). As shown in Figure 7.58, correlation of the DIC results against LVDT displacement 
readings are reasonably good, showing that DIC analysis can be used reasonably. The 
small difference between the two results in Figure 7.58 is due to the fact that FRP 
debonding occurred suddenly and no image was taken at the instant of debonding. 
     
Figure 7.58: Comparison between the test results and DIC results for Beam U2 
Presented in Figure 7.59 are the strain plots calculated by DIC analysis for Beam U2 at 
different loads from the beginning to debonding. As seen, crack evolution follows the 
cracking pattern presented earlier in this chapter.  
  















































Figure 7.59: Strain (εxx) plots calculated by DIC analysis for Beam U2 
The Moment-Curvature relationship for the critical sections is provided by DIC analysis 
which is presented in Chapter 9 and compared with the analytical and experimental results. 
Beam U2 exhibited a linear elastic flexural behaviour until the steel bars yielded, and a 
slightly non-linear behaviour until the NSM tapes debonded. Accordingly, a moment 
redistribution of 11% occurred out of the sagging zone prior to FRP debonding. Figure 7.60 
illustrates the Load-Moment relationship for the sagging and hogging regions in Beam U2, 
in which, it is seen that 4% of the sagging zone bending moments were redistributed into 
the hogging zone before the steel yielded. As demonstrated in Chapter 9, the maximum 
possible moment redistribution was 13.5% in this beam. 
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7.2.9 Beam U3 (hogging-zone strengthening) 
Strengthened only in the hogging region, Beam U3 exhibited ductile flexural behaviour 
throughout the experiment. A 1550mm-long piece of carbon plate was bonded externally to 
the hogging region, over the central support. The beam was loaded with a concentrated 
load similarly to other beams. The load was increased until the carbon plate debonded 
abruptly from one end (with a loud noise) at an applied load of 62kN and, straight away, the 
load dropped to 54kN. The load was subsequently increased until Beam U3 failed at an 
applied load of 56kN due to yielding of the steel reinforcement in the hogging zone, followed 
by concrete crushing. It should be noted that concrete crushing was observed at an applied 
load of approximately 50kN before the plate debonded. Illustrated in Figure 7.61 is an image 
of the plate debonding over the central support. Similar to other beams, flexural cracks 
appeared from the location of maximum bending moment in this beam, and propagated 
gradually along the length of the FRP, until the cracks reached one end of the plate. When 
the carbon plate debonded, a thin layer of concrete was attached to the plate, indicating an 
appropriate bond performance between the concrete and FRP composite.  
       
Figure 7.61: Debonding of the CFRP plate in Beam U3 
The Load-Deflection curves for Beam U3 are presented in Figure 7.62, showing that the 
addition of FRP clearly decreased displacements of the beam, compared with the control 
beam. The sagging zone steel bars yielded at an applied load of 32kN (before the FRP 
debonded), while the hogging zone steel bars yielded at 56kN, after the FRP plate 
debonded. Figure 7.63 shows the Load-Strain relationship for the steel reinforcement and 
carbon plate. The plate debonded at a relatively low strain of 0.35% but, nonetheless, this 
did not hinder the beam from experiencing large deformations. 
           
Figure 7.62: Load-Deflection curves for Beam U3    Figure 7.63: Load-Strain curves for Beam U3                 
Flexural cracking in Beam T3 began at an applied load of 14kN in the sagging zone and at 
26kN in the hogging zone. Shown in Figure 7.64 are the patterns of cracking in the sagging 
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sagging zone in comparison with those in the hogging zone. This was due to the addition 
of FRP in the hogging zone. A few wide and deep sagging zone cracks were formed at the 
load position, while a large number of shorter and narrower hogging zone cracks were 
formed over the central support, spread out along the whole length of the FRP plate.  
 
 
Figure 7.64: Crack propagation in Beam U3 
Figure 7.65 compares the test results against DIC results for Beam U3. The Load-Deflection 
plots are related to the position of the concentrated load (Transducer-2). As shown in Figure 
7.65, correlation of the DIC results against LVDT displacement readings are reasonably 
good. The small difference between the two results in Figure 7.65 is because no image was 
taken after the FRP plate had debonded. 
    
Figure 7.65: Comparison between the test results and DIC results for Beam U3 
Presented in Figure 7.66 are the strain plots calculated by DIC analysis for Beam U3 at 
different loads from the beginning to debonding. As seen, crack evolution follows the 
cracking pattern presented earlier in this chapter.  
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Figure 7.66: Strain (εxx) plots calculated by DIC analysis for Beam U3 
 
The Moment-Curvature relationships for the critical sections are provided by DIC analysis, 
which is presented in Chapter 9 and compared with the analytical and experimental results. 
Beam U3 exhibited ductile flexural behaviour throughout the test, until FRP debonding, in 
spite of the experimentally recorded low debonding strain of 0.35% in the FRP plate. 
Illustrated in Figure 7.67 is the Load-Moment relationship for the sagging and hogging 
zones, in which the degree of moment redistribution can be seen at different loads. A total 
of 42% of bending moment was redistributed out of the sagging zone, while as 
demonstrated in Chapter 9 the maximum possible moment redistribution was 64%. Also, it 
shows that flexural cracking caused a reduction in stiffness, resulting in a moment 
redistribution of 13% into the hogging zone prior to steel yield. In addition, bending moments 
were continually redistributed from sagging to hogging throughout the testing, without any 














































Figure 7.67: Experimental Load-Moment curves for Beam U3 
 
7.2.10 Beam U4 (hogging-zone strengthening with U-wrap anchors) 
This beam was retrofitted using a similar strengthening scheme to that used in Beam U3. 
A similar piece of carbon plate to that used in Beam U3 was bonded externally to this beam, 
but then the plate was anchored using U-wraps installed at an inclination of 450. A single 
concentrated load was applied to only one mid-span. The carbon plate and U-wraps 
debonded at an applied load of 72kN at which point the beam failed instantly. The failure 
was accompanied by a loud noise although debonding was not visible clearly. Failure of the 
anchored FRP plate over the central support is shown in Figure 7.68, although debonding 
of the carbon plate cannot be seen easily.  
A plastic hinge was formed in the sagging zone as soon as the tension steel reinforcement 
yielded, and the second hinge was formed instantly after FRP debonding since the hogging 
zone steel bars had already yielded a little prior to debonding of the FRP. Despite the fact 
that concrete crushing began at an applied load of 55kN, the applied load was increased 
up to 72kN. This appears to have been possible due to the presence of compression steel 
reinforcement. 
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Presented in Figure 7.69 are the Load-Deflection curves for Beam U4. It can be seen in this 
figure that, in comparison with the control beam, Beam U4 exhibited higher stiffness and 
smaller deflections because of the addition of FRP. The steel reinforcement yielded at 
applied loads of 33kN and 66kN in the sagging and hogging zones, respectively. Figure 
7.70 shows the Load-Strain relationship for the steel bars and FRP plate separately. An 
ultimate strain of 0.9% was recorded just prior to debonding of the FRP plate, although a 
greater elongation (up to 1.5%) had been expected to occur due to anchoring the carbon 
plate using U-wraps.  
         
Figure 7.69: Load-Deflection curves for Beam U4   Figure 7.70: Load-Strain curves for Beam U4 
Flexural cracks appeared at applied loads of 14kN and 30kN in the sagging and hogging 
zones, respectively. As shown in Figure 7.71, cracks which formed in the sagging zone 
were fewer in number, but substantially wider and deeper in shape, than those formed in 
the hogging zone. In addition, compared with the control beam (Figure 7.49 - hogging), 
greater flexural cracks were formed over the central support, and propagated along the 
length of the carbon plate since a greater ultimate load was applied in Beam U4. The 
following figure clearly indicates the difference in cracking patterns, crack spacing and crack 
width between the sagging and hogging zones. 
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Figure 7.72 illustrates the test results against DIC results for Beam U4. The Load-Deflection plots 
are related to position of the concentrated load (Transducer-2). As shown in Figure 7.72, 
correlation of the DIC results against LVDT displacement readings are reasonably good. 
     
Figure 7.72: Comparison between the test results and DIC results for Beam U4 
Presented in Figure 7.73 are the strain plots calculated by DIC analysis for Beam U4 at 
different loads from the beginning to debonding. As seen, crack evolution follows the 
cracking pattern presented earlier in this chapter.  
  
  













































Figure 7.73: Strain (εxx) plots calculated by DIC analysis for Beam U4 
The Moment-Curvature relationships for the critical sections are provided by DIC analysis 
which is presented in Chapter 9 and compared with the analytical and experimental results. 
Figure 7.74 indicates the experimental Load-Moment relationship for Beam U4, in which 
52% moment redistribution occurred just before the FRP plate and U-wraps debonded at 
an ultimate strain of 0.9% in the FRP plate. Accordingly, a greater magnitude of bending 
moment was redistributed from the sagging zone to the hogging zone at debonding in Beam 
U4, in comparison with the control specimen (U1) and Beam U3, noted earlier. However, 
the maximum possible moment redistribution was 64%, as demonstrated in Chapter 9. 
Despite using FRP material, this beam exhibited more ductility and higher capacity for 
moment redistribution compared with the control beam since the sagging region (from 
which moment redistribution was initiated) was un-retrofitted, and also the hogging region 
had a higher moment capacity resulting from application of FRP material. Also, as seen in 
Figure 7.74, even before the steel bars yielded in the sagging zone, moment redistribution 
of 14% occurred out of the sagging zone due to cracking of the zone. However, the majority 
of the moment redistribution occurred after yielding of the sagging zone steel bars.  
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7.2.11 Beam U5 (sagging and hogging-zone strengthening) 
Beam U5 was strengthened in the hogging zone using a 1550mm-long precured CFRP 
plate, and in the sagging zone using two 1500mm-long NSM CFRP tapes. This beam was 
loaded using a concentrated load, as depicted in Figure 7.6. The load was continually 
increased until one of the embedded NSM tapes debonded at an applied load of 92kN, and 
then the load dropped to 81kN. The applied load was again increased until the second NSM 
tape debonded at an applied load of 85kN. Instantaneously, the CFRP plate debonded 
abruptly at a low strain of 0.35% which was accompanied by a loud noise. The experimental 
data collected from the strain gauges showed that the tension steel bars in the sagging and 
hogging zones yielded before the first NSM tape debonded. Shown in Figure 7.75 are 
images of the FRP in both critical zones. It is to be noted that peeling of the carbon plate 
was accompanied by a thin layer of concrete attached to the plate, while failure of the 
embedded NSM tapes was invisible since they did not come out of the grooves.  
         
Figure 7.75: Failure of the FRP materials in Beam U5 
 
The sagging and hogging zone steel reinforcement yielded at applied loads of 58kN and 
83kN, respectively, before the NSM tapes debonded. Therefore, upon debonding of the 
second NSM carbon tape, which was instantly followed by plate debonding, Beam U5 failed 
due to formation of two plastic hinges. Also, concrete crushing was observed in both regions 
following each hinge formation in the critical sections. Presented in Figure 7.76 and Figure 
7.77 are the Load-Deflection and Load-Strain relationships for the CFRP plate and NSM 
tapes in Beam U5, respectively. Beam U5 experienced smaller vertical displacements 
before the strengthening system failed, compared with the other beams, since a greater 
quantity of FRP was applied to this beam. Ultimate strains of 0.35% and 1.0% were 
recorded in the CFRP plate and NSM tapes respectively, just prior to failure in each. 
        














































Hogging  Sagging  
Chapter 7: Test results and observations   T-beams 
167 
 
Presented in Figure 7.78 are the cracking patterns of the sagging and hogging zones in 
Beam U5. Cracks appeared at an applied load of 14kN in the sagging zone and at 30kN in 
the hogging zone. Compared with the control beam (Figure 7.49), greater flexural cracks 
were formed near to both the load position and central support, indicating the effect of FRP 
strengthening on moment capacity increase and crack propagation. Flexural cracks began 
from the location of maximum bending moment in both critical zones, and then gradually 
propagated towards the ends of the FRP. 
 
       
Figure 7.78: Crack propagation in Beam U5 
Figure 7.79 illustrates the test results against DIC results for Beam U5. The Load-Deflection 
plots are related to position of the concentrated load (Transducer-2). As shown in Figure 
7.79, correlation of the DIC results against LVDT displacement readings are reasonably 
good. The difference between the two results in this figure is because no DIC image was 
provided after debonding of the first NSM tape and before the carbon plate debonded.  
      
Figure 7.79: Comparison between the test results and DIC results for Beam U5 
Presented in Figure 7.80 are the strain plots calculated by DIC analysis for Beam U5 at 
different loads from the beginning to debonding. As seen, crack evolution follows the 















































Figure 7.80: Strain (εxx) plots calculated by DIC analysis for Beam U5 
The Moment-Curvature relationship for the critical sections is provided by DIC analysis 
which is presented in Chapter 9 and compared with the analytical and experimental results. 
Figure 7.81 illustrates the experimental Load-Moment relationship for Beam U5. Despite 
the application of FRP, Beam U5 exhibited a semi-ductile flexural behaviour throughout the 
testing. Moment redistribution of 18% occurred, when the first NSM tape debonded (at an 
ultimate strain of 1.0%). Moreover, 11% moment redistribution occurred prior to steel yield. 
The magnitude of bending moment redistributed from sagging to hogging at FRP debonding 
was lower than that of the control specimen (U1), indicating that the capacity for moment 
redistribution should have been reduced because of FRP strengthening. As demonstrated 
in Chapter 9, the maximum possible moment redistribution was 22% in Beam U5, which is 



















































Figure 7.81: Experimental Load-Moment curves for Beam U5 
 
7.2.12 Beam U6 (sagging and hogging-zone strengthening with U-wrap anchors) 
Beam U6 was retrofitted using a similar strengthening scheme to that used for Beam U5, 
except that the CFRP plate was anchored using U-wrap anchors. This helped to investigate 
the influence of anchoring the FRP on moment redistribution into the plated zone. Two NSM 
tapes were inserted into the concrete substrate on the beam soffit, and a carbon plate was 
bonded externally to the hogging zone, over the central support. The plate was anchored 
using U-wraps (installed at an inclination of 450). A single concentrated load was applied to 
one mid-span. The load was increased until one NSM tape debonded at 106kN and the 
load dropped to 73kN. The load was subsequently increased to 84kN at which point the 
second NSM tape and the plate and U-wraps debonded catastrophically. Figure 7.82 shows 
failure of the beam in both the hogging and sagging zones. The anchorage system caused 
this beam to exhibit the greatest load bearing capacity among all strengthened beams.  
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Application of the FRP clearly decreased deflection of the beam before FRP debonding. 
This is shown in Figure 7.83. The sagging zone steel reinforcement yielded at an applied 
load of 61kN before the NSM tape debonded, and the hogging zone steel bars yielded at 
83kN. In addition, concrete crushed in the sagging zone following the NSM carbon tape 
separation. Presented in Figure 7.84 are the Load-Strain relationships for the steel 
reinforcement and FRP materials. An ultimate strain of 1.4% was recorded in the NSM tape, 
just prior to debonding, indicating an appropriate bond performance between concrete and 
FRP inside the grooves. The U-wrap anchors enhanced the performance of the retrofitted 
zone to some extent such that a larger strain of 0.8%, instead of 0.35% recorded in Beam 
U5, was observed in Beam U6. However, the influence was less than that expected since 
premature debonding of the NSM tapes caused an excessive transfer of bending moment 
into the plated hogging zone, leading the carbon plate to debond abruptly and prematurely. 
         
Figure 7.83: Load-Deflection curves for Beam U6    Figure 7.84: Load-Strain curves for Beam U6 
Crack propagation in the hogging and sagging zones is shown in Figure 7.85. Flexural 
cracks began from the location of maximum bending moment at an applied load of 22kN in 
the sagging zone and at 30kN in the hogging zone. Sagging zone cracks extended 
gradually along the length of the NSM tapes until they reached the end of the FRP, and 
then the carbon tapes debonded abruptly, accompanied by concrete crushing. Compared 
with the control beam (Figure 7.49), a greater number of flexural cracks were formed under 
the load position, and also over the central support, since a greater load was applied to 
Beam U6, which caused a larger area of this beam to crack. A thin layer of concrete was 
attached to the NSM tapes and FRP plate when peeled off, indicating adequate bond 
strength between concrete and FRP composites. 
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Figure 7.86 illustrates the test results against DIC results for Beam U6. The Load-Deflection 
plots are related to position of the concentrated load (Transducer-2). As shown in Figure 
7.86, correlation of the DIC results against LVDT displacement readings are reasonably 
good. The difference between the two results in this figure is because no DIC image was 
provided before the carbon plate debonded ultimately as this occurred abruptly.  
    
Figure 7.86: Comparison between the test results and DIC results for Beam U6 
Presented in Figure 7.87 are the strain plots calculated by DIC analysis for Beam U6 at 
different loads from the beginning to debonding. As seen, crack evolution follows the 
cracking pattern presented earlier in this chapter.  
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Figure 7.87: Strain (εxx) plots calculated by DIC analysis for Beam U6 
The Moment-Curvature relationships for the critical sections are provided by DIC analysis 
which is presented in Chapter 9 and compared with the analytical and experimental results. 
Illustrated in Figure 7.88 is the experimental Load-Moment relationship for Beam U6. As 
seen from this figure, moment redistribution of 20% occurred at failure. This beam exhibited 
a similar flexural behaviour to Beam U5 from beginning to failure, except that slightly greater 
moment redistribution occurred in Beam U6 because of the presence of U-wraps. As 
demonstrated in Chapter 9, the maximum possible moment redistribution was 22%. This 
indicates that a greater capacity for moment redistribution (out of the sagging zone) was 
possible in Beam U6 than in Beams U2 and U5. However, this capacity was lower than that 
in Beams U1, U3 and U4. It is to be noted that, despite using U-wrap anchors, the mode of 
failure did not change to rupture (from debonding), but a reasonable delay in debonding of 
the FRP plate occurred which demonstrated the effectiveness of the applied anchorage 
system. Also, a limited degree of moment redistribution (about 10%) occurred before the 
steel reinforcement yielded in the sagging zone. 
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7.3 Bond strength testing 
As discussed in Chapter 6, certainty of the effective performance of the adhesion between 
concrete and FRP depends on the level of force which can be transferred from the concrete 
surface to the FRP material. In FRP strengthening, one of the major concerns is the lack of 
perfect bond between concrete and FRP. The American Concrete Institute (ACI) Committee 
440.2R document (ACI 440.2R-08) proposes a minimum required tension adhesion 
strength of 1.4 MPa (200 psi) accompanied by failure occurring in the concrete substrate. 
Post-experiment pull-off tests were conducted (only for the CFRP plate) in accordance with 
ASTM C1583, to measure the bond strength. To carry out the bond tests, three dollies 
(discs) were installed on the prepared testing area of Beam T2. Before attaching the discs 
by resin, a partial core was cut around them in the concrete cover using an angle grinder. 
The dollies were pulled off after one day using a hydraulic testing machine. Figure 7.89 
illustrates preparation of the bond tests conducted for the strengthened beams. 
    
   
Figure 7.89: Bond test conducted on the strengthened T-beams (Beam T2) 
Among the three possible failure modes depicted in Chapter 6, Figure 6.58, failure in the 
concrete substrate was observed in all samples, indicating that the bond strength was 
greater than the tensile strength of the concrete.  
As shown in Figure 7.90 and given in Table 7.2, an average value of  3.02MPa was obtained 
from the bond tests across all samples which was much greater than the minimum required 
bond strength recommended by ACI 440.2R-08. This result, in addition to debonding of the 
FRP plate within the concrete substrate in all T-beams, confirmed a sufficient bond 
performance, although a low strain of 0.35% was recorded in all unanchored FRP plates at 
debonding during testing the T-beams.  







Mean value 3.02 
Standard deviation 0.2 
Coefficient of variation 6% 
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 Figure 7.90: Bond test results for the T-beams 
Bond strength was not determined for the NSM carbon tapes since a comprehensive study 
on this subject had been conducted previously by Kalupahana (2009) at the University of 
Bath. Kalupahana (ibid) carried out a complete set of experiments to investigate failure 
modes and the major parameters influencing the anchorage and bond performance of Near 
Surface Mounted FRP bars (and tapes), including bond length, bar type, bar shape, bar 
size, groove dimensions, resin type and concrete compressive strength. Since similar 
materials, strengthening techniques and testing circumstances to those adopted by 
Kalupahana were utilised in the current research, the outcomes of the previous 
experimental investigation were used to determine the bond strength of the NSM carbon 
tapes. Kalupahana (ibid) showed that the average bond strength of the rectangular NSM 
FRP tapes is sufficiently high (almost always above 6MPa), which ensures an effective 
bond performance between concrete and NSM FRP tape.  
 
 
7.4 Summary  
The experimental results of the T-beams (in two different groups: T-series and U-series) 
have been presented in this chapter. Details of the flexural performance for each test 
specimen, including crack initiation and propagation, steel yielding, FRP debonding and 
concrete crushing have been provided. The degree of moment redistribution out of and into 
the critical zones has been presented for each test. Listed in Table 7.3 is a summary of the 
test results for the T-beams in both T-series and U-series. 

















T1 N.A (control) - 
Under-reinforced 
flexure 
54 - 34 34 
T2 Sagging - FRP debonding 54 0.0035 6.5 12 
T3 Sagging U-wraps FRP debonding 104 0.012 9.5 12 
T4 Hogging - FRP debonding 71 0.009 48 54 
T5 Hog&Sag - FRP debonding 52 0.0035 9.5 14 
T6 Hog&Sag U-wraps FRP debonding 114 0.012 12.7 14 
Table continues onto the next page  
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U1 N.A (control) - 
Under-reinforced 
flexure 
55 - 32 32 
U2 Sagging  - FRP debonding 94 0.015 11 13.5 
U3 Hogging  - FRP debonding 62 0.0035 42 64 
U4 Hogging  U-wraps FRP debonding 72 0.009 52 64 
U5 Hog&Sag - FRP debonding 92 0.010 18 22 
U6 Hog&Sag U-wraps FRP debonding 106 0.014 20 22 
 
The experimental results indicate that if the critical region of a flexural concrete member 
from which moment redistribution initiates is strengthened using FRP, the capacity for 
moment redistribution is reduced but can still be relied on to some extent, while FRP 
strengthening of the region into which bending moments is redistributed improves moment 
redistribution capacity of the flexural member, provided that premature debonding of the 
FRP is prevented. The results have shown the effectiveness of inclined U-wraps in 
anchoring the FRP and improving the strain capacity of externally-bonded FRP plates. In 
addition, the bond tests carried out to evaluate the bond performance demonstrated that 
the bond strength was greater than the minimum required bond strength. 
Digital Image Correlation analysis was applied to the test specimens to determine the strain 
profile over the entire specimen and to track the displacements. The DIC deflection results 
were verified against the experimental data collected using LVDTs, and the strain results 
were verified against the data collected using strain gauges. A good comparison was 
observed between the experimental and DIC results. The DIC results have provided a good 
understanding of flexural softening of the critical zones and redistribution of bending 
moments in the test specimens. Presented in the next chapter is a comparison between the 









A full description of the test observations and results related to the slabs was presented in 
Chapter 6. This included the flexural behaviour of the slabs during testing, and also the 
degree of moment redistribution which occurred into and out of the critical zones. As 
described in Chapter 3, a new analytical model has been developed by the author to 
quantify the level of moment redistribution in FRP strengthened concrete flexural members. 
This numerical technique has been verified against existing experimental data to ensure 
the accuracy of the analytical results. In this chapter, the experimental results for the tested 
slabs, described in Chapter 6, are compared with the analytical results obtained from this 
new analytical model, and correlation between the two results is examined.  
 
8.2 Results comparison and discussion 
The analytical results obtained from the new analytical model are presented separately for 
each slab in this chapter, and then compared with the test results. As noted in Chapter 3, 
appropriate estimation of the Moment-Curvature relationship for each section along a 
flexural member (especially for the most critical sections) is the key factor in prediction of 
the flexural behaviour of the concrete member. Accordingly, for each of the test specimens, 
the Moment-Curvature relationship predicted by the analytical model is compared with the 
corresponding experimental data. The numerical results allow various attributes of the 
flexural behaviour of the test slabs to be investigated such as crack initiation, steel yielding, 
FRP debonding, FRP rupture, post yield steel tension stiffening, and concrete crushing. 
The ultimate moment capacity of each section along the concrete member can be predicted 
using this approach.  
The flexural behaviour of each slab is investigated over the loading cycle through a 
comparison between the two sets of data. This investigation is carried out by comparing the 
experimental Load-Moment relationship for the sagging and hogging zones with the 
corresponding results obtained from the numerical technique. Good correlation between 
the analytical and experimental results would mean that the new analytical model could 
predict the mode of failure, the capacity for moment redistribution and the ultimate load. In 
the case of FRP debonding, the numerical technique should also be used to predict the 
effectiveness of anchorage of the FRP, were rupture feasible. A summary of the 
experimental and analytical results is provided in Table 8.1. 
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34.3 32.4 0.95 30 36 1.20 36 
S2 Sagging - 
FRP 
debonding 






51 49 0.96 0 0 N/A 0 
S4 Hogging - 
FRP 
debonding 






40 38.5 0.96 37 42 1.13 46 
S6 Hog&Sag - 
FRP 
debonding 






49 48 0.98 11.5 11.5 1.0 14 
 
The experimental results were obtained in the following procedure throughout this chapter: 
1- The applied load was continuously measured during testing, using a load cell which was 
located at the position of the concentrated load, and connected to a computer data 
logger, as shown in Figure 8.1. 
2- Similarly, all of the support reactions were continuously recorded using three load cells 
which were placed at the support positions, and connected to the computer data logger, 
as shown in Figure 8.1.  
3- Equilibrium of the forces was monitored over the loading cycle. It was undertaken by 
checking that the Algebraic sum of the applied load and support reactions had to be 
zero at each load increment, until failure. 
4- As shown in Figure 8.1, the experimental bending moment at each section along the 
right-side span was simply calculated using either Eq 8.1 or Eq 8.2: 
 




𝑴𝒊 = 𝑹𝟑 × 𝒙𝒊 − 𝑷 × (𝒙𝒊 − 𝒍𝒑)        (If xi > lp)                                               Eq 8.2 
 
where, Mi is the experimental bending moment of any section i in the right-side span; 
R3 is the reaction of the exterior support at the right side; 
xi is the distance of section i from the right-side end support; 
P is the load applied at the mid-span; 
And lp is the distance of the load position from the end support. 




Figure 8.1: Calculation of the experimental bending moments for the slabs 
 
5- As shown in Figure 8.2 and by using the data collected from the strain gauges which 
were installed on the steel reinforcement and FRP materials, the actual curvature of 
















)                                                             Eq 8.5 
 
where,  
κ1 is the curvature which is calculated from strains in the tension and compression steel; 
κ2 is the curvature which is calculated from strains in the FRP sheet and tension steel; 
κ3 is the curvature which is calculated from strains in FRP sheet and compression steel; 
εs, εsc and εf are the strains in the tension steel reinforcement, compression steel 
reinforcement and FRP respectively; 
d is the effective depth of the tension reinforcement; 
ds is the effective depth of the compression reinforcement; 
and h is the overall height of the concrete section. 
 




Figure 8.2: Calculation of curvature using the experimental data 
Furthermore, as explained in Chapter 3, the Load-Deflection relationship for the critical 
zone predicted by the new analytical model is compared with the corresponding 
experimental data collected using LVDTs. 
 
8.2.1 Slab S1 (control) 
Slab S1 was unstrengthened and tested as the control sample. As explained in Chapter 6, 
the sagging zone, under the load point, reached steel yield (followed by concrete crushing) 
at a lower applied load than other points along the beam. Further load increase caused the 
sagging zone bending moment to be redistributed to the hogging zone until this zone 
reached its moment capacity due to a similar failure mode to that of the sagging zone. The 
experimental Moment-Curvature relationship of both critical regions were determined using 
the method described in the previous section (κ1 in section 8.2). As depicted in Figures 8.3 
and 8.4, a good comparison can be seen between the results, indicating the capability of 
the new analytical model to predict the Moment-Curvature relationship for the sagging and 
hogging zones.  
   
Figure 8.3: M-K relationship for Slab S1 (sag)         Figure 8.4: M-K relationship for Slab S1 (hog) 
A failure load of 32.4kN has been predicted using the analytical model while the 
experimental failure load was 34.3kN. To explain the reason for the difference between the 
two loads, it is to be noted that the analytical model predicts the moment capacity of each 
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the section, but not beyond that, as this is the allowable limit of moment redistribution in 
design. Accordingly, the first mode of failure in the concrete section might be FRP 
debonding, concrete crushing, FRP rupture or even steel fracture. Hence, upon reaching 
this point, the analytical model may stop the calculation (and then quantifies the degree of 
moment redistribution occurring up to this point), or may retain the bending moment of the 
section constant and continues the calculation until the other critical section fails ultimately. 
This depends on whether failure of the FRP occurs in the sagging zone or not, it occurs in 
the hogging zone. However, in the real test, the concrete beam could probably withstand 
additional applied load even after the concrete has crushed in the critical section due to the 
presence of compression steel reinforcement which allows this critical section to resist the 
additional compression.  
In addition, the difference between the experimental and analytical moment capacity of the 
sagging zone, observed in Figure 8.3, might be because of the fact that, when the concrete 
nears crushing in the critical section, the depth to the neutral axis becomes so small that 
the neutral axis is between the extreme compression fibre and the compression steel 
reinforcement. This causes the compression reinforcement to act as tensile reinforcement 
at this ultimate condition, and allows the critical section to exhibit an additional moment 
capacity. As shown in Figure 8.3, it also appears that the strain gauges lost accuracy after 
the steel reinforcement had yielded and the concrete had crushed in the sagging zone.  
Except for the slight difference between the experimental and analytical results in the 
moment capacity of the sagging zone, the analytical model has been able to predict the 
flexural behaviour and attributes of the critical sections reasonably, such as crack initiation, 
steel yielding and concrete crushing. As noted earlier in Chapter 6, 30% moment 
redistribution occurred out of the sagging zone at ultimate failure (i.e. concrete crushing in 
the hogging zone) in Slab S1. Using the new analytical model, a moment redistribution of 
36% has been estimated which is higher than the actual amount, due to the difference 
between the experimental and analytical moment capacity of the sagging zone described 
in the previous paragraph. Figure 8.5 illustrates a schematic image of the redistribution of 
bending moments at ultimate failure, calculated analytically. The red dashed line represents 
elastic distribution of bending moments (with no redistribution), and the solid black line 
represents the redistributed bending moment diagram along the slab at failure. In addition, 
Figure 8.6 shows the experimental Load-Moment relationship obtained from the collected 
data, versus those predicted by the analytical model for Slab S1. Moment redistribution has 
been calculated in each case based on a similar calculation method to that described in 
Section 6.2.1. This method allows moment redistribution to be quantified at any applied 
load until failure.  
 
Figure 8.5: Redistribution of bending moments at failure in Slab S1 




Figure 8.6: Comparison of the Load-Moment curves for Slab S1  
As illustrated in Figure 8.6, moment redistribution was initiated from the sagging zone since 
this zone was originally less stiff than the hogging zone, and the concentrated load was 
applied to the mid-span. A relatively small degree of moment redistribution occurred in the 
elastic range (i.e. between the onset of concrete cracking and steel yielding). This was 
about 7% when the steel reinforcement yielded in the sagging zone. Redistribution of 
bending moments intensified upon yielding of the steel reinforcement since the sagging 
zone lost the majority of its original stiffness so that it was not able to resist any additional 
bending moment. The analytical results exhibited a reasonable correlation with the actual 
flexural behaviour of this unstrengthened slab.  
 
8.2.2 Slab S2 (sagging-zone strengthening) 
Slab S2 was strengthened externally using CFRP sheet in the sagging zone. The carbon 
sheet debonded at 49kN, and this slab exhibited a similar flexural behaviour to that of the 
control slab after delamination of the FRP sheet. The hogging zones in both Slabs S1 and 
S2 were identical while the sagging zones were different. The analytical model has been 
employed to predict the Moment-Curvature relationship for the critical zones.  
Figure 8.7 illustrates the correlation between the experimental and analytical Moment-
Curvature relationships in the strengthened sagging zone, and Figure 8.8 shows the 
correlation between the results in the unstrengthened hogging zone. The numerical results 
have been obtained through employing the measured material properties in the 
calculations, and the Moment-Curvature relationship for the sagging zone has been 
calculated assuming that the carbon sheet debonded at the experimentally recorded strain 
of 0.8%. A good comparison is observed between the two sets of results which indicates 
the ability of the numerical technique to predict the flexural behaviour of the strengthened 
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Figure 8.7: M-K relationship for Slab S2 (sag)         Figure 8.8: M-K relationship for Slab S2 (hog) 
A load of 47.3kN has been estimated by the analytical model as the failure load for this 
slab, assuming a debonding strain of 0.8% for the carbon sheet. As shown in Figure 8.7, 
both experimental and analytical results indicated that steel reinforcement yielded prior to 
FRP delamination in the sagging zone, but nonetheless this did not aid the strengthened 
zone in redistributing bending moments to the hogging zone due to the high stiffness of the 
carbon sheet, which caused the Moment-Curvature relationship for the sagging zone to be 
almost elastic up to debonding, with no plastic plateau. This highlights that if the ratio of 
sagging bending moment to hogging bending moment remains equal to the ratio of sagging 
moment capacity to hogging moment capacity, then no moment redistribution will be 
possible indeed. It is to be noted that, as shown in Figure 8.7, the experimental data 
collected using strain gauges were not valid after the FRP sheet debonded. Thus, this part 
of the data was ignored. 
The sagging zone Moment-Curvature relationship was further examined to find out what 
the ultimate moment capacity of this strengthened zone would be if the carbon sheet failed 
by rupture at an ultimate strain of 0.018, instead of debonding at a strain of 0.008. Figure 
8.7 illustrates the difference in the moment capacity between the two cases. Also, it can be 
seen from the prediction that, before the carbon sheet snaps, concrete would have started 
to crush at the extreme compression fibre of the critical section. 
As described in detail in Chapter 6, because of the high stiffness (EA value) of the carbon 
sheet, Slab S2 exhibited a linear elastic flexural behaviour throughout the experiment, until 
the FRP delaminated. This flexural performance has been well predicted by the analytical 
model since a good estimation of the Moment-Curvature relationship was made for this slab 
along the length. Accordingly, the analytical model has predicted that almost no bending 
moment could have been redistributed out of the sagging zone. Conversely, a very slight 
amount of bending moment was redistributed from the hogging zone to the sagging zone 
before the FRP sheet debonded. Figure 8.9 illustrates a schematic image of the 
redistribution of bending moments at debonding in Slab S2, calculated by the analytical 
model. As shown in Figure 8.10, both experimental and analytical results have shown that 
no moment redistribution occurred in this slab. This highlights the significance of the 
quantity and stiffness of the strengthening material (which is applied to the critical section 
from which moment redistribution is initiated) on the ductility of the concrete member, and 


















































Figure 8.9: Redistribution of bending moments at debonding in Slab S2 
 
Figure 8.10: Experimental Load-Moment curves vs analytical predictions for Slab S2 
As seen in Figure 8.10, the linear elastic flexural performance of this slab hindered any 
redistribution of bending moment to occur from sagging to hogging before the FRP sheet 
delaminated. But modest amount of bending moment was indeed redistributed from 
hogging to sagging of about 2.6% at FRP debonding. Using the analytical model, it has 
been predicted that this slab would exhibit a similar flexural behaviour even if the carbon 
sheet failed through rupture (at an ultimate strain of 1.8%) instead of debonding (with the 
recorded strain of 0.08), which indicates a small moment redistribution of 1%, but from 
sagging to hogging this time (which is negligible). As a result, modification of the failure 
mode would not change or improve the level of moment redistribution in this specific 
strengthened slab. 
 
8.2.3 Slab S3 (sagging-zone strengthening with fan anchors) 
As described in Chapter 6 (Section 6.2.3), Slab S3 was strengthened in the sagging zone 
using CFRP sheet. The carbon sheet was anchored using fan anchors. The anchored 
CFRP sheet delaminated at an applied load of 51kN, and the slab exhibited a similar flexural 
behaviour to that of the control slab after delamination of the FRP sheet. Due to the 
unsuccessful performance of the anchorage system, the flexural behaviour of Slab S3 was 
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due to use of only one layer of the carbon sheet, or due to the adopted arrangement of the 
anchors. It also might have been because of the type of carbon sheet used since the sheet 
was unidirectional and there were no transverse fibres to help the longitudinal fibres to 
distribute the anchorage effects across the entire sheet.  
The analytical model has been employed to predict the Moment-Curvature relationship for 
the critical zones, and because of the similarity between Slabs S2 and S3, similar 
predictions have been obtained in both cases. Figures 8.11 and 8.12 illustrate the 
correlation between the experimental and analytical Moment-Curvature relationship in the 
strengthened sagging zone and unstrengthened hogging zone, respectively. Based on the 
actual measured strain in the FRP sheet, the Moment-Curvature relationship for the 
sagging zone has been calculated assuming that the carbon sheet debonded at an 
experimentally recorded strain of 0.85%. A good correlation is observed between the two 
sets of results. 
   
Figure 8.11: M-K relationship for Slab S3 (sag)      Figure 8.12: M-K relationship for Slab S3 (hog) 
Illustrated in Figure 8.11 is also a prediction of the Moment-Curvature relationship for the 
strengthened sagging zone, assuming that the fan anchors would perform properly so that 
the CFRP sheet would fail by rupture at a strain of 1.8%, instead of by debonding at a strain 
of 0.8%.  
A schematic image of the redistribution of bending moments at failure is shown in Figure 
8.13, calculated by the analytical model. In addition, Figure 8.14 shows the experimental 
Load-Moment relationship for this slab, and also the prediction made by the analytical 
model. Slab S3 exhibited a similar elastic flexural performance to that of Slab S2 throughout 
the testing. As such, the numerical method has predicted a similar behaviour to that for Slab 
S2 since the two slabs were identical. The model has estimated that a negligible magnitude 
of bending moment is redistributed from the sagging zone into the hogging zone. Therefore, 
even if the FRP sheet could exhibit larger deformations and fail by rupture instead of 
debonding, a very modest degree of moment redistribution would occur in this case, 


















































Figure 8.13: Redistribution of bending moments at debonding in Slab S3 
 
Figure 8.14: Experimental Load-Moment curves vs analytical prediction for Slab S3 
An important issue is to be noted here. Slabs S2 and S3 may appear to be flawed in 
philosophy as they exhibited zero possible moment redistribution experimentally and 
analytically, but these two slabs demonstrated how adding FRP (with a high EA value) can 
remove the possibility of moment redistribution in a concrete member which has been 
designed originally with moment redistribution consideration. In addition, considering the 
results obtained for Slabs S6 and S7, it has been demonstrated that if the hogging zone is 
strengthened simultaneously along with the sagging zone, the possibility for moment 
redistribution will return to the strengthened member, although the level of redistribution will 
be limited compared with the unstrengthened concrete member.  
Another important point is that although the application of fan anchors was ineffective 
experimentally in this research, the adopted anchorage system was used for other slabs 
too to ensure consistency across the experimental program in all specimens. However, this 
demonstrated that test preparation of all specimens should not be undertaken all together 
before testing some of them because otherwise possible recurrent experimental errors 
cannot be prevented. 
A parametric study was undertaken to further investigate the level of moment redistribution 
in Slabs S2 and S3 by hypothetically changing the quantity of FRP in the sagging zone. 
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strengthened zone based on these changes in the quantity of FRP, assuming that the FRP 
sheet fails in rupture (not in debonding). As expected, a small quantity of FRP would cause 
the retrofitted critical section to fail by FRP rupture, while increasing the quantity of FRP 
would cause concrete to crush before, or accompanied by, FRP rupture. The residual 
capacity which is observed in Figure 8.15 for the case having 240mm2 FRP (red dotted line) 
after concrete crushing is because of the compression reinforcement. 
 
Figure 8.15: Moment-Curvature relationship for Slabs S2 and S3 for various quantities of 
FRP 
 
As depicted in Figure 8.16, the analytical model predicts that the lower the quantity of FRP 
in the sagging zone, the greater the level of moment redistribution from sagging to hogging. 
In fact, as shown in Figure 8.16, application of a small FRP quantity (e.g. an area of 16 
mm2) even might lead to a moment redistribution of 10% out of the sagging zone at failure. 
In contrast, a large quantity of FRP (e.g. an area of 64mm2 or larger) causes bending 
moments to be redistributed solely from hogging to sagging (which can be 3% or more, 
depending on the quantity of FRP in the sagging zone).  
 

























































Slabs S2 and S3
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8.2.4 Slab S4 (hogging-zone strengthening) 
This slab was strengthened externally only in the hogging zone using CFRP sheet. The 
carbon sheet delaminated at 38kN at which point this slab failed. Slab S4 exhibited a similar 
ductile flexural behaviour to that of the control slab despite using carbon sheet. This was 
due to the fact that the sagging zone, which was controlling the flexural performance of the 
slab, was unstrengthened and ductile. The tension steel reinforcement yielded at an applied 
load of 21kN in the sagging zone (when the first plastic hinge was formed in Slab S4), and 
at 37kN in the hogging zone before the FRP debonded. 
The analytical model has been employed to predict the Moment-Curvature relationship for 
the critical zones. Figure 8.17 illustrates the comparison between the experimental and 
analytical Moment-Curvature relationship in the unstrengthened sagging zone. Figure 8.18 
depicts the equivalent comparison in the strengthened hogging zone. As seen, the 
numerical results compare well with the experimental results, indicating the capability of the 
analytical model to predict the flexural behaviour of this hogging zone strengthened slab 
over the load cycling. It should be noted that the Moment-Curvature relationship for the 
hogging zone has been calculated assuming that the carbon sheet debonded at a strain of 
0.8%. Also, it appears that the strain gauges stopped working after yielding of the steel 
reinforcement in the sagging zone, and after FRP debonding in the hogging zone. 
Nevertheless, this did not have significant influence on the calculation of moment 
redistribution. 
   
Figure 8.17: M-K relationship for Slab S4 (sag)   Figure 8.18: M-K relationship for Slab S4 (hog) 
A failure load of 38kN was estimated by the analytical model for this slab, assuming a strain 
of 0.8% for the carbon sheet at debonding. As shown in Figure 8.18, both experimental and 
analytical results indicated that steel reinforcement yielded prior to FRP delamination in the 
hogging zone. Moreover, depicted in this figure is a prediction for the Moment-Curvature 
relationship, assuming that the carbon sheet was anchored and failed by rupture at a strain 
of 1.8%. As seen, the failure mode in this case would have concrete crushing, which 
demonstrates that this critical section was FRP over-reinforced, and anchoring the FRP 
sheet would not have increased the possibility of moment redistribution significantly in this 
slab. This also can be demonstrated by making a comparison between the plastic plateau 
of the Moment-Curvature relationship for the anchored section and that for the unanchored 
section in Figure 8.18. A minor difference is seen between the moment capacity of the 
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A greater capacity for moment redistribution was expected for this slab compared with the 
control slab since the sagging zone was similarly ductile, while the hogging zone had a 
greater moment capacity compared with that of Slab S1. A schematic image of the 
redistribution of bending moments at failure is shown in Figure 8.19, calculated by the 
analytical model. In addition, as shown in Figure 8.20, the analytical model has predicted 
this greater capacity for moment redistribution in Slab S4. Despite using an elastic material, 
a moment redistribution of 42% has been predicted from the sagging zone to the hogging 
zone at debonding in Slab S4. As described in Chapter 6, the experimental moment 
redistribution was 38%. The difference between these two results comes from the 
difference between the analytical and experimental results in Figure 8.17. Moreover, 
illustrated in Figure 8.20 is a prediction of 46% moment redistribution as the maximum 
possible moment redistribution in this slab, assuming that the hogging zone had been 
adequately anchored and the FRP sheet had failed by rupture. 
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8.2.5 Slab S5 (hogging-zone strengthening with fan anchors) 
Slab S5 was strengthened using a similar strengthening scheme to that of Slab S4. 
However, the sheet was anchored in Slab S5 using fan anchors. Although it was observed 
in Slab S3 that application of fan anchors might be ineffective, this anchorage system was 
used again in Slab S5 for completeness and consistency of the experimental program. The 
anchored CFRP sheet delaminated at a load of 39kN. Due to poor performance of the 
anchorage system as explained in Section 8.2.3, the flexural behaviours of both Slabs S4 
and S5 were almost identical. Hence, the possible effect of this anchorage system on 
improving ductility and moment redistribution was not examined. Because of the similarity 
between the two specimens, the analytical model shows similar predictions for the Moment-
Curvature relationship related to the critical sections in both slabs. Figures 8.21 and 8.22 
are referred as the relationship between bending moment and curvature for the sagging 
and hogging zones in Slab S5 respectively. Based on the experimental strain recorded in 
the FRP sheet, the Moment-Curvature relationship for the hogging zone has been 
calculated assuming that the carbon sheet debonded at a strain of 0.85%. As noted in 
Section 8.2.1, strain gauges lost accuracy after the steel reinforcement yielded in the 
sagging zone which has resulted in a difference between the experimental and analytical 
results, as shown in Figure 8.21. 
   
Figure 8.21: M-K relationship for Slab S5 (sag)   Figure 8.22: M-K relationship for Slab S5 (hog) 
The analytical model predicts a failure load of 41kN for Slab S5, assuming that the slab fails 
through concrete crushing in the hogging zone, following concrete crushing in the sagging 
zone. However, if the FRP debonds at the experimentally recorded strain of 0.85%, a failure 
load of 38.5kN is predicted at debonding. 
Since the hogging zone is over-reinforced in tension (due to the quantity of the steel 
reinforcement and stiffness of the FRP), the analytical model predicts that concrete would 
crush before the FRP ruptures if the strengthened section could be anchored sufficiently. 
Hence, the anchorage system would not be able to substantially increase the capacity for 
moment redistribution in this case. Nonetheless, as stated earlier for Slab S4, a greater 
capacity for moment redistribution has been expected for this slab compared with the 
control slab despite using FRP. This is because the sagging zone is ductile and the hogging 
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A schematic image of the redistribution of bending moments at FRP debonding is shown in 
Figure 8.23, calculated by the analytical model. In addition, illustrated in Figure 8.24 is a 
comparison between the experimental Load-Moment relationship for Slab S5, and a 
prediction for this relationship made by the numerical technique. Moment redistribution of 
42% has been predicted from the sagging zone to the hogging zone at debonding (and the 
actual result showed 38% moment redistribution in Chapter 6). Also, a maximum possible 
moment redistribution of 46% has been predicted for Slab S5, assuming that the hogging 
zone fails by concrete crushing following the concrete crushing in the sagging zone. 
 
Figure 8.23: Redistribution of bending moments at debonding in Slab S5 
 
 
Figure 8.24: Experimental Load-Moment curves vs analytical prediction for Slab S5 
A parametric study has been conducted, using the analytical model, to further examine the 
influence of FRP quantity on the level of moment redistribution in Slabs S4 and S5. For this, 
the quantity of FRP material has been varied hypothetically in the Hogging zone. Depicted 
in Figure 8.25 are the Moment-Curvature relationships for the strengthened zone for various 
quantities of FRP, assuming that the FRP is anchored, and it does not debond prematurely. 
As shown in Figure 8.25, in all cases, the concrete will crush before the FRP ruptures, since 









































Figure 8.25: Moment-Curvature relationship for Slabs S4 and S5 for various quantities of 
FRP 
As shown in Figure 8.26, the analytical model predicts that the larger the quantity of FRP 
in the hogging zone, the higher the level of moment redistribution from sagging to hogging. 
In fact, as shown in this figure, application of a small FRP quantity (an area of Afrp=16mm2) 
will lead to a moment redistribution of 38% out of the sagging zone at failure (which is 
concrete crushing in this case). Also, the analytical model predicts that application of larger 
quantities of FRP (e.g. an area of 48mm2 or 64mm2) will cause a higher level of moment 
redistribution to occur into the hogging zone (which is to be 46% and 50% respectively).  
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8.2.6 Slab S6 (sagging and hogging-zone strengthening) 
This slab was flexurally strengthened in both hogging and sagging zones using CFRP 
sheet. The sagging zone carbon sheet delaminated at 46kN. Following a drop in load, 
further load increase subsequently resulted in delamination of the hogging zone carbon 
sheet at 39kN, and failure of the slab. The analytical model has been employed to predict 
the Moment-Curvature relationship for the critical zones. Figure 8.27 illustrates the 
comparison between the experimental and analytical Moment-Curvature relationships in 
the strengthened sagging zone, and Figure 8.28 shows the comparison of those in the 
strengthened hogging zone. In Slab S6, the sagging zone was similar to the sagging zones 
in Slabs S2 and S3, and the hogging zone was similar to the hogging zones in Slabs S4 
and S5. In all these cases, the numerical results have been obtained through employing 
the measured material properties in the analytical model.  
The analytical Moment-Curvature relationship has been calculated assuming that the 
carbon sheet debonds at a strain of 0.8%. Good correlation is observed in Figures 8.27 and 
8.28 between the two sets of data for the sagging and hogging zones.  
   
Figure 8.27: M-K relationship for Slab S6 (sag)     Figure 8.28: M-K relationship for Slab S6 (hog) 
A failure load of 45kN has been predicted for this slab at sagging zone FRP debonding, 
assuming that the carbon sheet debonds at the externally recorded strain of 0.8%. As 
shown in Figure 8.27, both results indicated that steel yielded prior to FRP delamination in 
the sagging zone. Moreover, the highest possible moment capacities of the strengthened 
sagging and hogging zones were investigated by extending the Moment-Curvature 
relationship for both critical sections. The ultimate moment capacity has been achieved 
assuming that both sections fail by FRP rupture (instead of FRP debonding). Hence, the 
calculation has been undertaken based on an ultimate strain of 1.8% in the FRP sheet. 
Figures 8.27 and 8.28 illustrate these ultimate moment capacities at failure. As shown in 
Figure 8.27, a little before the sagging zone carbon sheet ruptures, the concrete will start 
crushing from the extreme compression fibre of the section, but the major mode of failure 
is still FRP rupture. 
As described earlier in Section 8.2.2, due to the elastic nature and high stiffness of the 
carbon sheet employed in the sagging zone, Slab S2 exhibited a linear elastic flexural 
behaviour throughout the experiment which led to no moment redistribution in Slab S2. 
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a limited extent) despite the fact that both sagging zones in both slabs were fully identical. 
This demonstrated that employing the carbon sheet in the hogging zone in Slab S6 
enhanced the capacity for moment redistribution compared with that in Slab S2. This clearly 
indicated the importance of the hogging zone strength in the level of moment redistribution 
which occurred out of the sagging zone.  
A schematic image of the redistribution of bending moments at FRP debonding is shown in 
Figure 8.29, calculated by the analytical model. The flexural performance of Slab S6 has 
been predicted using the analytical model. As shown in Figure 8.30, the numerical results 
compare well with the experimental results. 
 
Figure 8.29: Redistribution of bending moments at debonding in Slab S6 
 
Figure 8.30: Experimental Load-Moment curves vs analytical prediction for Slab S6 
Despite the high stiffness of the carbon sheet, 9.7% of bending moments are redistributed 
from sagging to hogging at FRP delamination, indicating that, as noted earlier, the capacity 
for moment redistribution in Slab S6 is higher than that of Slab S2. The actual amount of 
moment redistribution obtained from the corresponding experimental results was 8.5%, as 
described in Chapter 6, Section 6.2.6. This showed that application of the FRP in the 
hogging zone allows the sagging zone to experience more flexural softening prior to FRP 
failure. This also indicated the significance of the quantity, stiffness and position of the 
strengthening material (which is applied to the critical sections) in the ductility of the 
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A lower capacity for moment redistribution was seen in Slab S6 compared with the control 
slab since FRP retrofitting of the sagging and hogging zones reduced ductility of this slab. 
Despite using an elastic FRP material over a large area, bending moment can be 
redistributed by up to 14% in Slab S6 (as illustrated in Figure 8.30), assuming that the 
sagging zone is adequately anchored and the FRP failed by rupture. Consequently, as the 
analytical model predicts, a proper and adequate anchorage system may improve the 
degree of moment redistribution out of the sagging zone by about 4% (from 9.7% to 14%) 
which is almost one-third of its ultimate capacity. 
 
 
8.2.7 Slab S7 (sagging and hogging-zone strengthening with fan anchors) 
As described in Chapter 6 (Section 6.2.7), Slab S7 was strengthened in both sagging and 
hogging zones using CFRP sheet. Both the carbon sheets were anchored using fan 
anchors. Although it was observed in Slabs S3 and S5 that application of fan anchors might 
be ineffective, this anchorage system was used again in Slab S7 for completeness and 
consistency of the experimental program. The sagging zone anchored CFRP sheet 
delaminated at an applied load of 49kN. The application of fan anchors was again 
ineffective such that a similar flexural behaviours to that of Slab S6 was observed in Slab 
S7 throughout the experiment. Hence, this poor functioning did not allow the potential effect 
of anchoring the FRP on improving ductility and moment redistribution to be examined 
adequately.  
A comparison between the experimental and analytical Moment-Curvature relationship is 
provided in the following section. Figures 8.31 and 8.32 illustrate how both experimental 
and analytical results compare for the strengthened sagging and hogging zones 
respectively. All the numerical results have been provided according to the actual measured 
material properties and the recorded strain in the FRP sheet. Accordingly, the Moment-
Curvature relationship has been plotted, assuming that the carbon sheets debonded at 
recorded strains of 0.95% and 0.8% in the sagging and hogging zones, respectively. Good 
correlation can be observed between the two sets of data. 
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A failure load of 48kN has been predicted for Slab S7, assuming that the sagging zone fails 
by FRP rupture at the experimentally recorded strain of 0.95%. Similar predictions for the 
ultimate moment capacities to that of Slab S6 are made for the hogging and sagging zones 
due to the similarity of the two cases. 
A schematic image of the redistribution of bending moments at debonding is shown in 
Figure 8.33, calculated by the analytical model. Slab S7 exhibited a similar flexural 
behaviour to that of Slab S6, due to the testing similarity and ineffectiveness of the applied 
anchorage system. The flexural performance of Slab S7 has been predicted using the 
analytical model and as shown in Figure 8.34, the numerical results compare well with the 
experimental results. Accordingly, moment redistribution of 11.5% occurred in Slab S7 at 
FRP debonding in the sagging zone. Although it was not as effective as expected, the fan 
anchors improved the level of moment redistribution from sagging to hogging about 2%, in 
comparison with Slab S6 (with 9.7% moment redistribution). 
 
 
Figure 8.33: Redistribution of bending moments at debonding in Slab S7 
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As noted earlier in this chapter for Slab S6, a lower capacity for moment redistribution is 
seen in Slab S7 compared with the control slab. The application of FRP over a large area 
of this strengthened slab has considerably reduced the original ductility. As shown in Figure 
8.34, the analytical model clearly predicts that the ultimate capacity for moment 
redistribution is 14%, provided that the FRP sheet can reach its ultimate strain capacity and 
fail by rupture. Thus, the maximum possible moment redistribution in Slabs S6 and S7 is 
greater than those of Slabs S2 and S3, but clearly smaller than those of Slabs S1, S4 and 
S5. Therefore, based on these predicted maximum capacities, an effective and verified 
anchorage system will increase the degree of moment redistribution from 11.5% (due to 
debonding) to 14% (due to rupture) in Slab S7.  
It is also worth noting that, to ensure this maximum possible moment redistribution occurs, 
the hogging zone carbon sheet must be adequately anchored using an effective anchorage 
system, in addition to anchoring the sagging zone carbon sheet. This may guarantee that 
the hogging zone carbon sheet will not debond before the sagging zone carbon sheet 
ruptures, which allows the full moment redistribution to occur from sagging to hogging at 
failure.  
The level of moment redistribution in Slabs S6 and S7 has been further investigated 
theoretically through a parametric study using the new analytical model. The main 
parameter was the quantity of FRP in the sagging zone. The area of the FRP has been 
varied from 16mm2 to 240mm2. Figure 8.35 illustrates the Moment-Curvature relationship 
for the strengthened sagging zone for various quantities of FRP, assuming that the FRP 
sheet fails by rupture (not by debonding). As expected, lower quantities of FRP would cause 
the retrofitted section to fail by FRP rupture, while larger quantities of FRP would lead the 
concrete to crush before or accompanied by FRP rupture. The residual capacity which is 
observed in Figure 8.35 for the case having 240mm2 FRP (red dotted line) after concrete 
crushing is because of the compression reinforcement. 
 
Figure 8.35: Moment-Curvature relationship for Slabs S6 and S7, for various quantities of FRP 
As depicted in Figure 8.36, the analytical model predicts that the lower the quantity of FRP 
in the sagging zone, the greater the level of moment redistribution from sagging to hogging 
at failure. In fact, as shown in this figure, application of a small FRP quantity (e.g. an area 
of 16 mm2) would cause a significant moment redistribution of 17% at failure out of the 
sagging zone, despite the high stiffness of the FRP sheet. A larger quantity (e.g. an area of 
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of moment redistribution is always from sagging to hogging in this strengthening 
configuration.  
 




8.3 Summary  
A detailed comparison has been provided for each slab specimen between the 
experimental data and the analytical results (obtained from the numerical technique 
described in Chapter 3). The flexural performance for each slab has been investigated and 
discussed through comparison of the experimental Moment-Curvature relationships for the 
sagging and hogging zones with the predictions made by the analytical model. The 
experimental and analytical Load-Moment relationships have been compared for the 
hogging and sagging zones. Moment redistribution has been quantified for each slab using 
the new analytical model. In addition, the ultimate capacity for moment redistribution has 
been predicted for each slab which shows the maximum possible moment redistribution 
which can occur. This has been undertaken assuming that the retrofitted critical section is 
anchored adequately, and the FRP will fail by rupture rather than by debonding.  
These comparisons have allowed the new analytical model to be validated adequately and 
appropriately and to be calibrated accurately. The predictions for moment redistribution, 
made by the analytical model, have compared well with the experimental results in most 
cases, indicating the ability of the analytical model to predict well the flexural behaviour of 
the FRP strengthened concrete slabs tested in this research. However, the analytical 
results were slightly different from the experimental results for the slabs in which the critical 
section from which bending moments were redistributed was not strengthened with FRP. 
Presented in the next chapter are the comparison and discussion of the experimental and 










































Details of the test observations and results related to the T-beams were provided for each 
specimen in Chapter 7. These included the flexural behaviour and failure modes of the 
unstrengthened and strengthened T-beams during the testing, and also the degree of 
moment redistribution which occurred into and out of the critical zones in each test. In this 
chapter, as conducted for the slabs in the previous chapter, a comparison is made between 
the experimental results, and the numerical results provided by the new analytical model 
described in Chapter 3. Correlation between the two results will help to validate and 
calibrate the analytical model. In addition, the influence of strengthening configuration and 
anchoring of the FRP on moment redistribution is discussed.  
 
9.2 Results comparison and discussion 
In this chapter, the analytical results provided by the new analytical model are presented 
separately for each beam. These include the Moment-Curvature relationship and Load-
Moment relationship for the critical sections in the beams. Figure 9.1 depicts schematically 
the load position and the locations of sagging and hogging in the T-beams. In addition, the 
Load-Deflection relationships are provided for the beams which are strengthened using 
FRP. As noted in Chapter 3, appropriate estimation of the Moment-Curvature relationship 
for each section along the length of a flexural concrete member (especially for the critical 
sections) is crucial for predicting the flexural behaviour of the concrete member. 
Accordingly, the analytical Moment-Curvature relationships for the sagging and hogging 
zones, predicted by the analytical model, are compared with the corresponding 
experimental data for each beam. Various features of the flexural behaviour can be 
examined through the analytical results, including crack initiation, steel yielding, FRP 
debonding or rupture, post yield steel tension stiffening and concrete crushing.  
The flexural performance of each beam is examined analytically over the loading cycle in 
this chapter. The results show that the numerical technique is able to predict the maximum 
possible degree of moment redistribution which would occur if the FRP was so fully 
anchored that premature debonding was prevented. This would allow the FRP to reach its 
ultimate strain capacity, and represent the best potential for moment redistribution in each 
case. A summary of the experimental and analytical results is provided in Table 9.1. 
 
Chapter 9: Comparison and discussion   T-beams 
199 
 

































54 52 0.96 34 37 1.08 37 
T2 Sagging - 
FRP 
debonding 
54 54 1.0 6.5 6.8 1.04 12 
T3 Sagging U-wraps 
FRP 
debonding 
104 103 0.99 9.5 11 1.15 12 
T4 Hogging - 
FRP 
debonding 
71 69 0.97 48 51 1.06 54 
T5 Hog&Sag - 
FRP 
debonding 
52 52 1.0 9.5 9.5 1.0 14 
T6 Hog&Sag U-wraps 
FRP 
debonding 
114 106 0.93 12.7 12.5 0.99 14 







55 54 0.98 32 36 1.12 36 
U2 Sagging  - 
FRP 
debonding 
94 95 1.01 11 12.5 1.13 13.5 
U3 Hogging  - 
FRP 
debonding 
61 59 0.97 42 52 1.2 64 
U4 Hogging U-wraps 
FRP 
debonding 
72 68 0.95 52 57 1.09 64 
U5 Hog&Sag - 
FRP 
debonding 
92 85 0.93 18 19 1.05 22 
U6 Hog&Sag U-wraps 
FRP 
debonding 
106 106 1.0 20 21 1.05 22 
 
Throughout this chapter, the experimental results are provided through the calculation 
procedure described in Chapter 8 (Section 8.2). As a brief reminder, the applied load and 
support reactions were measured using load cells (as shown in Figure 9.1). The curvatures 
of the critical sections were also calculated through the experimental data collected using 
the strain gauges which were installed on the steel reinforcement and FRP in the hogging 
and sagging zones.  
 
 
Figure 9.1: A schematic test lay-out and bending moment diagram for the T-beams 
 
 




9.2.1 Beam T1 (control) 
This unstrengthened specimen was tested as the control sample, and it failed in a 
conventional ductile manner. The sagging zone (under the load point) reached steel yield, 
followed by concrete crushing at a lower applied load than that of the hogging zone. Beam 
T1 failed once the hogging zone reached its moment capacity. The experimental Moment-
Curvature relationship for the sagging and hogging regions were calculated using the 
method described in the previous chapter. Depicted in Figures 9.2 and 9.3 are comparisons 
between the experimental and predicted Moment-Curvature relationships for the sagging 
and hogging zones, respectively.  
 
   
Figure 9.2: M-K relationship for Beam T1 (sag)        Figure 9.3: M-K relationship for Beam T1 (hog) 
As shown in Figure 9.2, the strain gauges lost accuracy after steel yield. In addition, modest 
additional bending moment resistance is seen in this figure after yielding of the 
reinforcement. This might be due to reduction of the depth of neutral axis so that the neutral 
axis has been located in the concrete cover, causing the compression steel reinforcement 
to perform as the tension steel altering the moment capacity of the sagging section. As 
noted previously in Chapter 8, the numerical calculation is terminated when first failure 
occurs in any of the constitutive materials of the critical section (which might be FRP 
debonding, concrete crushing, FRP rupture or even steel fracture). A failure load of 52kN 
has been predicted using the analytical model, and the experimental failure load was 54kN. 
The difference between the two results is due to the fact that concrete crushed in the 
sagging zone at an applied load of about 49kN, before the ultimate failure of the beam, but 
this beam could withstand extra applied load until the hogging region failed. The 
compressive steel reinforcement allowed the section to resist the additional compression 
until the hogging zone failed ultimately. 
As shown in Figures 9.2 and 9.3, the analytical model has predicted the flexural behaviour 
of the critical sections reasonably, including crack initiation and steel yielding. As described 
earlier in Chapter 7, a moment redistribution of 34% occurred out of the sagging zone in 
Beam T1 at ultimate failure (i.e. concrete crushing in the hogging zone). The numerical 
result indicates a prediction of 37% moment redistribution, which is slightly different. This is 
probably due to the difference between the experimental and analytical moment capacities 
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A schematic image of the predicted redistribution of bending moments at ultimate failure is 
shown in Figure 9.4, in which the dashed red line is the theoretical elastic bending moment 
diagram at failure, and the black solid line represents the analytical redistributed bending 
moment diagram at failure. In addition, Figure 9.5 illustrates the experimental Load-Moment 
relationship for the sagging and hogging zones, against the corresponding analytical Load-
Moment relationship predicted by the analytical model for Beam T1. It is to be noted that 
moment redistribution has been calculated in each case based on a similar calculation 
method to that described in Section 6.2.1. This method allows moment redistribution to be 
easily quantified at each applied load until failure.  
 
Figure 9.4: Redistribution of bending moments at failure in Beam T1 
 
Figure 9.5: Experimental Load-Moment curves vs analytical prediction for Beam T1 
As seen in Figure 9.5, moment redistribution was initiated from the sagging zone since this 
zone was more stressed, due to the loading arrangement, and originally less stiff than the 
hogging zone. A small amount of moment redistribution occurred in the elastic range (i.e. 
from the onset of concrete cracking to steel yield), which was about 9% at steel yield. The 
major redistribution of bending moment occurred after yielding of the steel reinforcement 
since the sagging zone lost most of its original stiffness such that this zone was not able to 
resist any additional bending moment. The analytical result exhibits good comparison 
against the actual flexural behaviour of the beam, indicating that the prediction for moment 
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zone in Beam T1 over the loading cycle, bending moments are only redistributed from 
sagging to hogging.  
 
9.2.2 Beam T2 (sagging-zone strengthening) 
Beam T2 was strengthened externally using CFRP plate in the sagging zone. The carbon 
plate debonded at an applied load of 54kN at which point the experiment was deliberately 
terminated. The new analytical model has been employed to predict the Moment-Curvature 
relationship for the critical zones. Figure 9.6 illustrates the comparison between the 
experimental and analytical Moment-Curvature relationships in the strengthened sagging 
zone, and Figure 9.7 shows that of the unstrengthened hogging zone. The numerical results 
were obtained from the analytical model using the measured material properties described 
in Chapter 5. The Moment-Curvature relationship for the sagging zone has been predicted 
assuming that the carbon plate debonded at the recorded strain of 0.35%. A good 
comparison is observed between the two sets of results, indicating that the numerical model 
can accurately predict the flexural behaviour of this FRP strengthened beam under loading. 
   
Figure 9.6: M-K relationship for Beam T2 (sag)         Figure 9.7: M-K relationship for Beam T2 (hog) 
As shown in Figure 9.6, the results indicated that steel reinforcement yielded shortly before 
the FRP debonded in the sagging zone. The elastic nature of the FRP has caused the 
Moment-Curvature relationship for the sagging zone to be linear up to failure. Using the 
analytical model, this Moment-Curvature relationship has been also predicted, assuming 
that the FRP would reach its ultimate strain capacity. This allows the maximum possible 
moment capacity of the strengthened zone to be calculated, if the CFRP plate fails by 
rupture at a strain of 1.8% (instead of 0.35%). Figure 9.6 illustrates the difference in moment 
capacity between the two cases of debonding and rupture. Also, it can be seen in this figure 
that shortly before the carbon plate ruptures, the concrete starts crushing. A failure load of 
54kN has been predicted for Beam T2 using the analytical model, assuming that the carbon 
plate debonded at the experimentally recorded strain of 0.35%. However, the failure load 
would be 76kN, if the carbon plate debonded at a typical debonding strain of 0.8%. The 
degree of moment redistribution for a typical debonding strain of 0.8% is presented in Figure 
9.10. Also, it is to be noted that, as described in Chapter 7, testing was intentionally 
terminated for Beam T2 after FRP debonding. This is the reason for the difference between 
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Calculation and estimation of deflections is crucial in any loaded structure. Excessive 
deflections can cause secondary effects to the structural members of a building, discomfort 
to the occupants and can damage supported non-structural elements or partitions. 
Therefore, it is essential to control deflections in structural design. One of the advantages 
of the analytical model is that, as noted in Chapter 3, Section 3.8.2, the numerical technique 
allows the deflections of different points along the length of the FRP strengthened concrete 
member to be calculated over the loading cycle. As shown in Figure 9.8, a comparison has 
been made for Beam T2 between the Load-Deflection relationship obtained from the 
experimental data and the numerical results predicted by the analytical model. These 
graphs illustrate the data recorded at the position of Transducers 1 and 2, as shown in 
Figure 7. 2, Chapter 7.  
 
Figure 9.8: Experimental Load-Deflection curves vs analytical results for Beam T2 
It is observed in Figure 9.8 that the analytical results compare well with the experimental 
data. However, as flexural softening progresses in the beam (due to concrete cracking and 
steel yield), the difference between the two results increases, indicating that the analytical 
model shows a greater rigidity for this beam than that observed in reality. This might be 
because of the constitutive material models adopted for the new analytical model which 
caused this minor inaccuracy in the softening model. 
A schematic image of the redistribution of bending moments at FRP debonding is shown in 
Figure 9.9, calculated by the analytical model. Beam T2 exhibited an approximately linear 
elastic flexural behaviour throughout the experiment, until the FRP debonded. Figure 9.10 
shows the Load-Moment relationships for the sagging and hogging zones, predicted by the 
analytical model, against the experimental Load-Moment relationships. A moment 
redistribution of 6.5% occurred experimentally out of the sagging zone in Beam T2 prior to 
FRP debonding. This flexural performance has been well predicted by the analytical model 
as there was a good comparison between the experimental and analytical Moment-
Curvature relationship for the sagging and hogging zones. The analytical model predicts 
6.8% moment redistribution out of the sagging zone. This indicates that in this particular 
adding FRP to the critical zone from which bending moment is redistributed reduces the 
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sagging zones has increased. Thus, the stiffness of the sagging zone is closer to the 
stiffness of the hogging zone compared with those in the control beam. In fact, the actual 
ratio of the sagging zone bending moment to the hogging zone bending moment over the 
loading cycle is very similar to the originally elastic ratio of the sagging moment to the 
hogging moment. 
 
Figure 9.9: Redistribution of bending moments at debonding in Beam T2 
 
Figure 9.10: Experimental Load-Moment curves vs analytical prediction for Beam T2 
As noted in the previous section, a low amount of moment redistribution occurred at 
debonding since the ultimate strain in the carbon plate was very small. To quantify the 
potential ultimate capacity of this strengthened beam for moment redistribution, the 
analytical model has been employed. As shown in Figure 9.10, it has been predicted that if 
the FRP plate had been anchored adequately such that the plate could reach its ultimate 
strain capacity of 1.8%, the failure load would have been 130kN, and the failure mode will 
be FRP rupture in the sagging zone, following concrete crushing in the hogging zone. 
However, the maximum possible moment redistribution out of the sagging zone (which is 
approximately 12%) is predicted to occur at an applied load of 107kN at which point the 
tension steel reinforcement yields in the hogging zone, and this zone nears its full moment 
capacity. Therefore, from this point on, the hogging zone is less stiff than the sagging zone, 
causing less bending moment to be redistributed from sagging to hogging, until the carbon 
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FRP rupture. It is to be noted that, if it was possible to further increase the applied load after 
130kN, bending moments would be redistributed only from hogging to sagging due to lack 
of stiffness in the hogging zone. 
 
9.2.3 Beam T3 (sagging-zone strengthening with U-wrap anchors) 
Beam T3 was strengthened using a similar strengthening scheme to that of Beam T2. The 
carbon plate was anchored in Beam T3, using inclined U-wraps, to examine the influence 
of FRP anchorage on the level of moment redistribution which occurred out of the FRP-
strengthened zone. The anchored carbon plate debonded at an applied load of 104kN, and 
straight away the load dropped to 51kN. The beam exhibited a similar flexural behaviour to 
that of the control beam after debonding of the carbon plate. The Moment-Curvature 
relationships for the sagging and hogging zones have been predicted and compared with 
the corresponding experimental results. Figures 9.11 and 9.12 illustrate the comparison 
between the experimental and analytical Moment-Curvature relationships in the 
strengthened sagging zone and unstrengthened hogging zone, respectively. The numerical 
results have been calculated for the experimentally recorded debonding strain of 1.2%, as 
described in Chapter 7. 
   
Figure 9.11: M-K relationship for Beam T3 (sag)     Figure 9.12: M-K relationship for Beam T3 (hog) 
As shown in Figure 9.11, comparison is fairly good and indicates that steel yield occurred 
prior to FRP debonding in the sagging zone. Also, using the analytical model, the ultimate 
moment capacity of the sagging zone has been predicted, assuming that the FRP would 
reach its ultimate strain capacity, and the strengthened zone would fail by rupture of the 
FRP plate at a strain of 1.8%, instead of debonding at 1.2%. Figure 9.11 illustrates the 
difference in the moment capacity between the two cases. As the analytical model predicts, 
the beam fails at an applied load of 103kN, assuming that the carbon plate debonds at a 
strain of 1.2%. 
Illustrated in Figure 9.13 is a comparison between the experimental Load-Deflection 
relationship recorded by Transducer 1 and that predicted by the analytical model. The 
experimental result compares well with the numerical result within the elastic range. 
However, upon steel yield in the sagging zone and onset of flexural softening, the difference 


















































Figure 9.13: Experimental Load-Deflection curve vs analytical result for Beam T3 
A schematic image of the redistribution of bending moments at FRP debonding is shown in 
Figure 9.14, calculated by the analytical model. Beam T3 exhibited an approximately elastic 
flexural behaviour throughout the experiment, until the FRP debonded. The U-wrap anchors 
significantly improved the load bearing capacity of the beam, and increased the ultimate 
strain in the carbon plate from 0.35% to 1.2% at debonding, compared with Beam T2. Figure 
9.15 shows the experimental Load-Moment relationship against the predicted Load-
Moment relationship for the sagging and hogging zones. An experimental moment 
redistribution of 9.5% occurred out of the sagging zone (into the hogging zone) prior to 
debonding of the anchored FRP. As shown in Figure 9.15, the analytical model predicts 
that 11% of bending moment is redistributed out of the sagging zone at debonding. This 
indicates reasonable agreement between the experimental and analytical results. This 
degree of redistribution is almost double the degree of moment redistribution which 
occurred without anchoring the FRP in Beam T2. 
 






















Figure 9.15: Experimental Load-Moment curves vs analytical prediction for beam T3 
The maximum possible moment redistribution has been examined in this strengthened 
beam using the analytical model. As shown in Figure 9.15, it has been predicted that if the 
FRP plate is anchored adequately such that the plate can reach its ultimate strain capacity 
of 1.8%, the failure load will be 130kN, and the failure mode will be FRP rupture in the 
sagging zone, although concrete will have already crushed in the hogging zone. However, 
the maximum amount of moment redistribution out of the sagging zone (which is 
approximately 12%) will occur at an applied load of 107kN at which point the tension steel 
reinforcement will yield in the hogging zone. Therefore, the hogging zone will be less stiff 
than the sagging zone from now on, causing a continuous reduction in the amount of 
bending moment which can be redistributed from sagging to hogging, up until the carbon 
plate ruptures at 130kN with almost 5% moment redistribution. It is to be noted that, 
although it is limited, moment redistribution out of the strengthened zone is feasible to some 
extent, depending on the quantity and stiffness of the strengthening material, and provided 
that the FRP is anchored adequately. 
Using the analytical model, a parametric study has been conducted to further investigate 
the capacity for moment redistribution in Beams T2 and T3 for various quantities of FRP 
material in the sagging zone. The FRP area has been varied hypothetically from 35mm2 to 
300mm2. Figure 9.16 illustrates the Moment-Curvature relationship for the strengthened 
zone for various quantities of FRP, assuming that the FRP can reach its full strain capacity 
and fails by rupture (not debonding). As expected, the smaller the quantity of FRP, the 
greater the ductility of the section and the lower the possibility for concrete to crush prior to 













































Figure 9.16: Moment-Curvature relationship for Beams T2 and T3, for various quantities 
of FRP 
As depicted in Figure 9.17, the analytical model predicts that the smaller the quantity of 
FRP in the sagging zone, the greater the level of moment redistribution from sagging to 
hogging. For example, as shown in Figure 9.17, adding an area of 35mm2 of the FRP plate 
to the sagging zone leads to a moment redistribution of 13% out of the sagging zone at 
failure (i.e. FRP rupture at an applied load of 102kN). Also, adding an area of 70mm2 of the 
FRP plate in the sagging zone leads to a moment redistribution of 5% at failure (i.e. FRP 
rupture at an applied load of 130kN) as described in the previous section. Conversely, a 
large quantity of FRP (e.g. an area of 300mm2 or more) causes bending moment to be 
redistributed only from hogging to sagging (which can be 2% or more, depending on the 
quantity of FRP in the sagging zone). It is shown that increasing the quantity of FRP causes 




Figure 9.17: Prediction of moment redistribution in Beams T2 and T3 for various 
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9.2.4 Beam T4 (hogging-zone strengthening) 
Beam T4 was strengthened only in the hogging zone using near surface mounted (NSM) 
CFRP tapes. This beam exhibited a ductile flexural behaviour similar to that of the control 
beam, despite using the carbon tapes. It was due to the fact that the sagging zone (which 
was controlling the flexural performance of this beam) was unstrengthened and ductile. The 
beam failed at an applied load of 71kN due to debonding of the two embedded carbon 
tapes, following crushing of the concrete in the sagging zone. A plastic hinge was formed 
in the sagging zone once the tension steel reinforcement had yielded at an applied load of 
32kN. Using the analytical model, the Moment-Curvature relationship of the hogging zone 
has been examined analytically, and then compared with the experimental results. Figure 
9.19 illustrates the comparison between the experimental and analytical results in the 
strengthened zone. It should be noted that the analytical Moment-Curvature relationship for 
the hogging zone has been calculated assuming that the carbon tape debonded at a strain 
of 0.9%, as recorded by the strain gauges. As seen, there is a good correlation between 
the experimental and numerical results.  
Due to the lack of experimental data for the sagging zone (since the strain gauges failed 
and no data were recorded), the experimental data are not provided for Beam T4. Figure 
9.18 depicts the analytical results for the sagging zone. The numerical Moment-Curvature 
relationship for the sagging zone has been calculated using the measured properties 
related to Beam T4. 
   
Figure 9.18: M-K relationship for Beam T4 (sag)    Figure 9.19: M-K relationship for Beam T4 (hog) 
A failure load of 69kN has been estimated for T4 using the numerical model, assuming that 
the carbon plate debonded at the strain of 0.9% which was recorded during the testing. 
According to the results, it is seen that the steel reinforcement yielded before the carbon 
tapes debonded in the hogging zone. The analytical model has also been employed to find 
the ultimate moment capacity of the hogging section, assuming that the FRP would reach 
its ultimate strain capacity of 1.7%. As shown in Figure 9.19, there is not a significant 
difference between the moment capacity of the strengthened section in the cases of FRP 
debonding and FRP rupture, since the hogging section would fail by concrete crushing 
rather than FRP rupture, even if the ultimate strain in the FRP tapes could be larger. 
Therefore, at a strain of 0.9%, this critical section has more or less reached its maximum 
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A schematic image of the redistribution of bending moment at FRP debonding is shown in 
Figure 9.20, calculated by the analytical model. Beam T4 exhibited a ductile flexural 
behaviour throughout the experiment. As the analysis shows, a larger magnitude of bending 
moment was redistributed out of the sagging zone at debonding in Beam T4, than that of 
the control specimen (Beam T1). Despite using FRP material, Beam T4 exhibited a higher 
capacity for moment redistribution since the sagging region (from which moment 
redistribution was initiated) was unstrengthened and had sufficient rotation capacity, 
besides the fact that the hogging zone had a higher moment capacity due to adding the 
FRP. Figure 9.21 shows the predicted Load-Moment relationships for the sagging and 
hogging zones (obtained from the numerical model for Beam T4) against the experimental 
Load-Moment relationships. 
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Moment redistribution of 48% occurred out of the sagging zone (into the hogging zone) at 
failure. This flexural performance has been predicted well by the analytical model because 
of the good prediction provided for the Moment-Curvature relationships in the sagging and 
hogging zones. The model shows a prediction of 51% moment redistribution out of the 
sagging zone. This clearly demonstrates that the application of FRP to the zone into which 
bending moment is redistributed can increase the capacity for moment redistribution. It is 
to be noted that even if the NSM carbon tape could sustain larger strains than 0.9% and 
reach its ultimate strain of 1.8%, the degree of moment redistribution would not be much 
higher than 51% since, as shown in Figure 9.21, the analytical model has predicted that 
concrete crushing would occur shortly after a minor load increase. Hence, the ultimate 
failure would occur at an applied load of 72kN, with a moment redistribution of 54% being 
the maximum possible for this beam.  
A parametric study has been conducted to further investigate the maximum possible 
moment redistribution in Beam T4 when various quantities of FRP are used in the hogging 
zone. Figure 9.22 illustrates the Moment-Curvature relationship for the strengthened zone 
based on different quantities of FRP, assuming that the FRP can reach its full strain capacity 
and the critical section fails by concrete crushing, not by FRP debonding. As expected, the 
smaller the quantity of the FRP, the lower the moment capacity of the critical section and 
the less the possibility for concrete to crush prior to FRP rupture in the retrofitted section.  
 
Figure 9.22: Moment-Curvature relationship for Beam T4 for various quantities of FRP 
As depicted in Figure 9.23, the analytical model predicts that the lower the quantity of FRP 
in the sagging zone, the lower the level of moment redistribution from sagging to hogging 
at failure (concrete crushing). For example, as shown in Figure 9.23, application of an area 
of 32mm2 of the NSM carbon tape in the hogging zone leads to a moment redistribution 
capacity of 48% at failure (i.e. concrete crushing at a load of 64kN) out of the sagging zone. 
Also, application of an area of 64mm2 of carbon tape in the hogging zone leads to a moment 
redistribution capacity of 54% at failure (i.e. concrete crushing at a load of 72kN), as 
described in the previous part. As such, a larger quantity of FRP (i.e. an area of 250mm2) 
causes more bending moment to be redistributed from sagging to hogging (which is 61% 
in this case at a failure load of 88kN). It is clear that increasing the quantity of FRP causes 































Figure 9.23: Prediction of moment redistribution in Beam T4 for various quantities of FRP 
 
9.2.5 Beam T5 (sagging and hogging-zone strengthening) 
Beam T5 was strengthened in both the sagging zone (using carbon plate) and the hogging 
zone (using NSM carbon tape). The carbon plate debonded at an applied load of 52kN. A 
further load increase caused one of the NSM tapes to debond at 71kN, and the second 
tape at 62kN. The Moment-Curvature relationships have been predicted for the sagging 
and hogging zones. Figures 9.24 and 9.25 illustrate the comparison between the 
experimental and analytical Moment-Curvature relationships in both strengthened sagging 
and hogging zones. The Moment-Curvature relationship has been predicted assuming that 
the carbon plate debonded at a strain of 0.35% and the NSM carbon tape debonded at a 
strain 1%. Good comparison is observed between the two results in the sagging zone, while 
there is a negligible difference between the experimental and analytical results in the 
hogging zone. In general, these comparisons indicate that the numerical model should 
provide a good prediction of the flexural behaviour for this strengthened beam over the 
loading cycle. 
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The elastic nature of the FRP has caused the Moment-Curvature relationship for the 
sagging zone to be approximately linear up to debonding. Using the analytical model, the 
Moment-Curvature relationships for the sagging and hogging zones have also been 
predicted assuming that the FRP would reach its ultimate strain capacity. As shown in both 
Figures 9.24 and 9.25, the difference would be significant if the carbon plate failed by 
rupture at a strain of 1.8% (instead of debonding at 0.35%), and would lead to concrete 
crushing in the hogging zone before the NSM tape debonded. A failure load of 52kN has 
been estimated for Beam T5 using the numerical model, assuming that the carbon plate 
debonded at the recorded strain of 0.35%. Nonetheless, the result of moment redistribution 
is shown in figure 9.28 for the case in which the FRP debonds at a typical strain of 0.8% 
As shown in Figure 9.26, a comparison has been made for Beam T5 between the 
experimental Load-Deflection relationships and the numerical results (predicted by the 
analytical model). The plotted curves illustrate the results for the position of Transducers 1 
and 2, as depicted in Figure 7.2, Chapter 7.  
 
Figure 9.26: Experimental Load-Deflection curves vs analytical prediction for Beam T5 
It is observed in Figure 9.26 that the numerical results compare well with the experimental 
results up to debonding of the carbon plate since the dominant flexural behaviour of the 
beam was linear elastic until the FRP debonded, and the analytical model can predict the 
deflections of the beam accurately up to sagging zone FRP debonding. The analytical 
prediction is not provided after this debonding at which point the analytical model stopped 
working deliberately as explained earlier. 
A schematic image of the redistribution of bending moments at FRP debonding is shown in 
Figure 9.27, calculated by the analytical model. The linear elastic flexural behaviour of 
Beam T5 throughout the experiment until the sagging zone FRP debonding caused a lower 
magnitude of bending moment to be redistributed out of this zone, in comparison with that 
of Beam T1 at failure. Moment redistribution of 9.5% occurred experimentally out of the 
sagging zone at FRP debonding. This flexural performance has been estimated by the 
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relationship. Figure 9.28 shows the experimental Load-Moment relationships for the 
sagging and hogging zones against the analytical prediction. The analytical prediction for 
moment redistribution out of the sagging zone is similarly 9.5%. 
 




Figure 9.28: Experimental Load-Moment curves vs analytical prediction for Beam T5 
A small amount of moment redistribution occurred at debonding since the strain in the plate 
was very small. As shown in Figure 9.28, the analytical model has been employed to 
quantify the ultimate capacity for moment redistribution in this strengthened beam. In the 
best case scenario, the model predicts that if the sagging zone carbon plate is anchored 
adequately such that it can reach its ultimate strain capacity of 1.8% and, also if the NSM 
carbon tape does not debond prematurely, the failure load will be 135kN with the failure 
mode being FRP rupture in the sagging zone, followed by concrete crushing in the hogging 
zone. In this case, the maximum possible moment redistribution (which is approximately 
14%) will occur out of the sagging zone. If any other failure mode occurs (for example, the 
NSM tapes debond before the carbon plate ruptures), the degree of moment redistribution 
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In addition, it is predicted that once the steel reinforcement yields in the hogging zone (near 
to the end of the purple dashed line in Figure 9.28), the degree of moment redistribution will 
be reduced out of the sagging zone since the flexural stiffness of this zone will decrease, 
which will cause less bending moment to be redistributed into the hogging zone. Compared 
with Beam T2, a greater magnitude of bending moment was redistributed in Beam T5, 
showing that FRP strengthening of the region into which bending moment is redistributed 
clearly improves the capacity for moment redistribution, provided that premature debonding 
of the FRP is prevented. In contrast, compared with Beam T4, a smaller amount of moment 
redistribution occurred in Beam T5, indicating that application of FRP to the zone from which 
bending moment is redistributed reduces the capacity for moment redistribution. 
 
9.2.6 Beam T6 (sagging and hogging-zone strengthening with U-wrap anchors) 
Beam T6 was strengthened using a similar strengthening scheme to that of Beam T5. 
However, the sagging zone carbon plate was anchored in Beam T6, using inclined U-wraps. 
This allowed examination of the influence of anchoring the FRP on the degree of moment 
redistribution which could occur out of the sagging zone. The anchored carbon plate 
debonded at an applied load of 114kN. The two NSM tapes debonded instantly after the 
anchored plate debonded. A significant increase in the load-bearing capacity and moment 
capacity was observed in this strengthened beam, compared to the control specimen and 
Beam T5. The Moment-Curvature relationships for the sagging and hogging zones have 
been predicted and compared with the corresponding experimental results. Figures 9.29 
and 9.30 illustrate the comparison between the experimental and analytical Moment-
Curvature relationships in the strengthened sagging and hogging zones respectively. The 
numerical results have been calculated for the debonding strains of 1.2% and 0.4% 
determined experimentally for the FRP plate and NSM tape respectively. 
   
Figure 9.29: M-K relationship for Beam T6 (sag)     Figure 9.30: M-K relationship for Beam T6 (hog) 
The minor difference between the experimental and analytical Moment-Curvature 
relationship for the hogging and sagging zones, as shown in Figures 9.29 and 9.30, has 
resulted in a prediction for a failure load of 106kN, which is lower than a failure load of 
114kN recorded experimentally. This prediction has been made assuming that the carbon 
plate debonded at a strain of 1.2%, as determined experimentally. The result of moment 
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Illustrated in Figure 9.31 is a comparison between the Load-Deflection relationships 
recorded by Transducer 2 in both Beams T5 and T6, and that predicted analytically. The 
experimental result compares well with the analytical result within the elastic range, but the 
difference between the two results increases after yielding of the steel reinforcement in the 
sagging zone. 
 
Figure 9.31: Experimental Load-Deflection curves vs analytical prediction for Beams T5 and T6 
A schematic image of the redistribution of bending moment at sagging zone FRP debonding 
is shown in Figure 9.32, calculated by the analytical model. Beam T6 exhibited an 
approximately elastic flexural behaviour throughout the experiment, until the anchored 
carbon plate debonded. In comparison with Beam T5, a greater load bearing capacity was 
observed in this beam, and a larger debonding strain was recorded in the carbon plate, 
indicating the effectiveness of the U-wrap anchors. A moment redistribution of 12.7% 
occurred experimentally out of the sagging zone at debonding of the anchored carbon plate. 
As shown in Figure 9.33, the analytical model predicts that 12.5% moment redistribution 
occurs out of the sagging zone at debonding. Figure 9.33 shows the predicted Load-
Moment relationships for the sagging and hogging zones, against the experimental Load-
Moment relationships. 
 























Figure 9.33: Experimental Load-Moment curves vs analytical prediction for beam T6 
As shown in Figure 9.33, it has been predicted that if the FRP plate is anchored adequately 
such that it can reach its ultimate strain capacity of 1.8%, the failure load will be 140kN with 
a failure mode of rupture in the sagging zone carbon plate. The maximum possible moment 
redistribution out of the sagging zone at this failure is predicted to be 14%. As noted for 
Beam T5, any other mode of failure except rupture of carbon plate in the sagging zone 
reduces the degree of moment redistribution in this beam.  
The capacity for moment redistribution in Beams T5 and T6 has been further investigated 
through a parametric study in which the quantity of FRP material has been changed in the 
sagging zone only. According to the previous discussions stated in this chapter, it is already 
known that increasing the quantity of FRP in the hogging zone improves the capacity for 
moment redistribution. Therefore, the quantity of FRP has been varied in the sagging zone 
from an area of 35mm2 to 300mm2, while the FRP quantity in the hogging zone has been 
kept constant. Figure 9.34 illustrates the Moment-Curvature relationship for the 
strengthened sagging zone based on different quantities of FRP, assuming that the FRP 
reaches its ultimate strain capacity. As expected, the lower the quantity of FRP, the less 
the possibility for the concrete to crush prior to FRP rupture in the retrofitted sagging 
section.  
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As depicted in Figure 9.35, the analytical model predicts that the lower the quantity of 
sagging zone FRP, the greater the level of moment redistribution from sagging to hogging. 
For example, as shown in Figure 9.35, if an area of 35mm2 of FRP plate is used in the 
sagging zone, it will result in a capacity of 19% for moment redistribution at failure (i.e. FRP 
plate rupture at an applied load of 96kN) out of the sagging zone. Application of an area of 
70mm2 of FRP plate leads to a capacity of 14% moment redistribution at failure (i.e. FRP 
plate rupture at an applied load of 135kN) as described in the previous section. In contrast, 
a large quantity of FRP (300mm2) causes no bending moment to be redistributed within the 
beam. Accordingly, it is deduced that larger FRP quantities will cause bending moment to 
be redistributed from hogging to sagging instead (which can be 1% or more, depending on 
the quantity of FRP in the sagging zone). Thus, increasing the quantity of FRP in the 
sagging zone causes the beam to exhibit a predominantly linear elastic flexural 
performance with no opportunity for moment redistribution. This is because the ratio of 
sagging zone bending moment to hogging zone bending moment remains almost constant 
over the loading cycle. 
 
Figure 9.35: Prediction of moment redistribution in Beams T5 and T6 for various 




































Beams T5 and T6





9.2.7 Beam U1 (control) 
This unstrengthened control specimen exhibited a fully conventional ductile flexural 
performance. Failure occurred through concrete crushing in the hogging zone following 
concrete crushing in the sagging zone (under the load point). A plastic hinge was formed in 
the sagging region upon yielding of the steel reinforcement in this zone, and bending 
moment was redistributed to the hogging zone until this zone reached its ultimate strength 
and the beam failed. The experimental Moment-Curvature relationships for the sagging and 
hogging regions have been compared with the results predicted by the new analytical 
method described in Chapter 3. Shown in Figures 9.36 and 9.37 are the comparison 
between the experimental and predicted Moment-Curvature relationships for the sagging 
and hogging zones, respectively.  
 
   
Figure 9.36: M-K relationship for Beam U1 (sag)    Figure 9.37: M-K relationship for Beam U1 (hog) 
The end parts of the experimental data in both Figures 9.36 and 9.37 have been removed 
deliberately as it appears that the strain gauges lost accuracy after steel yielding. Except 
for the difference between the experimental and analytical cracking moment in the sagging 
zone, Figures 9.36 and 9.37 show good comparisons between the experimental data and 
the results predicted. A failure load of 54kN has been predicted using the new analytical 
model against the experimentally recorded failure load of 55kN. 
As noted earlier in Chapter 7, this beam exhibited a ductile flexural behaviour which allowed 
a moment redistribution of 32% to occur, from sagging to hogging, at ultimate failure. The 
numerical result indicates a prediction for 38% moment redistribution, which is slightly 
different from the experimental result. This is because of the small additional moment 
capacity observed in the sagging zone due to reduction of the neutral axis depth. A 
schematic image of the analytical redistribution of bending moment at ultimate failure is 
shown in Figure 9.38. In addition, Figure 9.39 illustrates the experimental Load-Moment 
relationships for the sagging and hogging zones, against those predicted by the analytical 

















































Figure 9.38: Redistribution of bending moment at failure in Beam U1 
 
Figure 9.39: Experimental Load-Moment curves vs analytical prediction for Beam U1 
As seen in Figure 9.39, moment redistribution was initiated from the sagging zone since 
this region was originally less stiff and more highly stressed than the hogging zone. A small 
amount of moment redistribution (8%) occurred in the elastic range (i.e. from the onset of 
concrete cracking to steel yield). The major redistribution of bending moment occurred after 
yielding of the steel reinforcement in the sagging zone since a plastic hinge was formed 
there, and this zone lost the majority of its original stiffness. It should be noted that bending 
moment was only redistributed from sagging to hogging in this beam since the sagging 
zone remained less stiff than the hogging zone over the loading cycle.  
 
9.2.8 Beam U2 (sagging-zone strengthening) 
Beam U2 was strengthened in the sagging zone using NSM carbon tapes, and exhibited a 
relatively elastic flexural performance before steel yield. The first NSM carbon tape 
debonded at an applied load of 94kN, and the second tape debonded at 83kN. The 
analytical model has been employed to predict the Moment-Curvature relationship for the 
critical zones. Figure 9.40 illustrates the comparison between the experimental and 
analytical Moment-Curvature relationships in the strengthened sagging zone, and Figure 
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has been made assuming that the NSM carbon plate debonded at an experimentally 
recorded strain of 1.5%.  
   
Figure 9.40: M-K relationship for Beam U2 (sag)    Figure 9.41: M-K relationship for Beam U2 (hog) 
As shown in Figure 9.40, the experimental and analytical results show reasonable 
agreement, except that the cracking moment and yield moment in the predicted result are 
smaller than those of the experimental result. This might be due to the material models 
adopted. Using the analytical model, the maximum possible moment capacity of the 
sagging zone has also been predicted, assuming that the NSM tape would reach its ultimate 
strain capacity of 1.7%. It can be seen in Figure 9.40 that, as the analytical model predicts, 
before the NSM carbon tape ruptures, the concrete will start crushing. A failure load of 95kN 
had been predicted for Beam U2, assuming that the NSM carbon tape debonded at a strain 
of 1.5%. The degree of moment redistribution for debonding of the FRP at a typical strain 
of 0.8% is show in Figure 9.44. 
A comparison has been made for Beam U2 between the Load-Deflection relationships 
obtained from the experimental data and the numerical results predicted using the analytical 
model. As shown in Figure 9.42, the plotted curves are related to the data recorded by 
Transducers 1 and 2, as depicted in Figure 7. 2, Chapter 7.  
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As shown in Figure 9.42, the numerical results are well matched to the experimental data 
almost half way through the test period, within the elastic range. However, the less stiff the 
beam becomes, the larger the difference between the two curves, indicating that the 
analytical model shows smaller deflections than reality. This might be because of the 
concrete softening model adopted for the analytical prediction. A schematic image of the 
redistribution of bending moment at sagging zone FRP debonding is shown in Figure 9.43, 
calculated by the analytical model.  
 
Figure 9.43: Redistribution of bending moment at FRP debonding in Beam U2 
Figure 9.44 shows the analytical Load-Moment relationships for the sagging and hogging 
zones against those recorded experimentally. A moment redistribution of 11% occurred out 
of the sagging zone (into the hogging zone) prior to FRP debonding. This flexural 
performance has been predicted well by the analytical model, which indicates a moment 
redistribution of 12.5% out of the sagging zone at debonding. The maximum possible 
analytical moment redistribution is 13.5% which would occur at 90kN, at which point the 
hogging zone steel reinforcement would have yielded. Application of FRP to the sagging 
zone from which moment redistribution was initiated has reduced the capacity for moment 
redistribution, in comparison with the control beam. However, moment redistribution out of 
this strengthened zone has been feasible to a significant extent. 
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The maximum possible moment redistribution has been examined for this beam, using the 
analytical model. As shown in Figure 9.44, it has been predicted that the beam will fail 
through concrete crushing (before the FRP ruptures) in the sagging zone at an applied load 
of 100kN following 10% moment redistribution, and concrete crushing in the hogging zone, 
if the NSM carbon tape can reach its ultimate strain capacity of 1.7%. However, the 
maximum possible moment redistribution (out of the sagging zone) is 13.5% which occurs 
at an applied load of 90kN, at which point the hogging zone steel reinforcement yields, and 
this zone loses the majority of its stiffness. Therefore, from this point on, less bending 
moment is redistributed from sagging to hogging, until the concrete crushes at 100kN.  
Using the analytical model, the capacity for moment redistribution has been further 
investigated in Beam U2 through a parametric study. The quantity of FRP in the sagging 
zone is varied from an area of 32mm2 to 250mm2. Figure 9.45 illustrates the Moment-
Curvature relationship for the strengthened sagging zone, based on different quantities of 
FRP, assuming that the FRP can reach its ultimate strain capacity. As expected, the smaller 
the quantity of FRP, the greater the ductility of the section. However, increasing the quantity 
of FRP will cause concrete to crush before the FRP ruptures. 
 
Figure 9.45: Moment-Curvature relationship for Beam U2 for various quantities of FRP 
As illustrated in Figure 9.46, the analytical model predicts that the smaller the quantity of 
FRP in the sagging zone, the higher the level of moment redistribution at ultimate failure 
from sagging to hogging. For example, as shown in Figure 9.46, moment redistribution of 
16% occurs at 79kN when an area of 32mm2 of carbon tape is applied to the sagging zone. 
The application of 64mm2 of FRP tape in the sagging zone is shown to cause an ultimate 
moment redistribution of 10% at failure (i.e. concrete crushing before FRP rupture at a load 
of 100kN) as described in the previous section. If a large quantity (that is, 250mm2) of the 
FRP is used, the flexural performance will be predominantly linear, causing no bending 
moment to be redistributed between the critical sections. It is shown that larger FRP 
quantities would cause moment redistribution to occur only from hogging to sagging but to 
a very minor extent. It is concluded that increasing the quantity of FRP causes the beam to 
exhibit linear elastic flexural performance with no opportunity for moment redistribution due 
to the large value of tension stiffness (EA) which causes the ratio of the sagging moment 






























Figure 9.46: Prediction of moment redistribution in Beam U2 for various quantities of FRP 
 
 
9.2.9 Beam U3 (hogging-zone strengthening) 
Beam U3 was strengthened only in the hogging zone using CFRP plate, and exhibited a 
ductile flexural behaviour despite using FRP. The reason was that the sagging zone (which 
controlled the flexural performance of the beam) was unstrengthened and ductile. The 
carbon plate debonded at an applied load of 62kN, following concrete crushing in the 
sagging zone. A plastic hinge was formed in the sagging zone upon yielding of the steel 
reinforcement at an applied load of 32kN. Using the analytical model, the Moment-
Curvature relationships for the sagging and hogging zones have been predicted 
analytically. These predictions have been compared with the experimental data for the 
hogging zone. However, due to a lack of experimental data for the sagging zone (since the 
strain gauges have failed during testing, and no data were recorded), experimental results 
have not been provided for the sagging zone in this beam.  
Figure 9.47 shows solely the numerical Moment-Curvature relationship for the sagging 
zone which has been calculated using the measured material properties. Figure 9.48 
illustrates the comparison between the experimental and analytical results in the 
strengthened hogging zone. It should be noted that the analytical Moment-Curvature 
relationship for the hogging zone has been predicted, assuming that the carbon plate 
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Figure 9.47: M-K relationship for Beam U3 (sag)    Figure 9.48: M-K relationship for Beam U3 (hog) 
The analytical model has also been employed to find the maximum possible moment 
capacity of the hogging section, assuming that the carbon plate could reach its ultimate 
strain capacity of 1.8%. As shown in Figure 9.48, there is a large difference between the 
strength of this strengthened section when the FRP debonds and when the concrete 
crushes, indicating that an appropriate FRP anchorage system could significantly increase 
the potential for redistribution of bending moment. However, it should be noted that 
concrete crushing in the sagging zone occurs at a lower load than that in the hogging zone, 
but the sagging zone could withstand further applied loads due to the presence of 
compression steel reinforcement. The analytical model has predicted a failure load of 59kN 
for Beam U3, assuming that the carbon plate debonded at a strain of 0.35% recorded 
experimentally. Moment redistribution for debonding of the FRP at a typical strain of 0.8% 
is shown in Figure 9.50. 
A schematic image of the redistribution of bending moment at hogging zone FRP debonding 
is shown in Figure 9.49, calculated by the analytical model. Beam U3 exhibited a ductile 
flexural behaviour throughout the experiment due to sufficient ductility in the sagging region. 
 
Figure 9.49: Redistribution of bending moment at FRP debonding in Beam U3 
Figure 9.50 shows predictions of the Load-Moment relationships for the sagging and 
hogging zones against the experimental Load-Moment relationships. As the analyses show, 
a larger magnitude of bending moment was redistributed from the sagging zone to the 
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(Beam U1). Despite using FRP, this beam exhibited a higher capacity for moment 
redistribution since the hogging zone had a higher moment capacity due to the application 
of FRP. Moment redistribution of 42% occurred experimentally, out of the sagging zone 
(into the hogging zone) at debonding. As shown in Figure 9.50, the prediction of flexural 
performance is somewhat different from the experimental flexural performance since the 
prediction for moment capacity of the sagging zone is less than the experimentally recorded 
moment capacity (as similarly noted for Beam U1). Accordingly, the model predicts 52% 
moment redistribution out of the sagging zone, indicating that the application of FRP to the 
zone into which bending moment is redistributed, increases the capacity for moment 
redistribution. 
 
Figure 9.50: Experimental Load-Moment relationship vs analytical prediction for Beam U3 
It is worth noting that, as shown in Figure 9.50, the analytical model predicts that if the FRP 
plate is anchored adequately, a higher moment capacity will be obtained, and the hogging 
section will fail by concrete crushing before the carbon plate ruptures. This predicts a 
maximum possible moment redistribution of 64%, which occurs at an ultimate failure load 
of 78kN. Accordingly, strengthening of the hogging zone is predicted to allow this beam to 
achieve a moment redistribution capacity of almost twice the original in the unstrengthened 
beam.  
 
9.2.10 Beam U4 (hogging-zone strengthening with U-wrap anchors) 
Beam U4 was strengthened using a similar scheme to that of Beam U3. However, the 
hogging-zone carbon plate was anchored in Beam U4, using inclined U-wraps. This was to 
examine the influence of FRP anchorage on the level of moment redistribution which could 
occur into the FRP-strengthened zone. The anchored carbon plate debonded (along with 
the anchors) at an applied load of 72kN, at which point this beam failed. Compared with 
Beam U3, application of the FRP anchorage system caused a larger strain to be recorded 
in the carbon plate at debonding in this beam. Therefore, a reasonable increase in the load 
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relationships for the sagging and hogging zones have been predicted, and compared with 
the corresponding experimental data. Figures 9.51 and 9.52 illustrate comparisons between 
the experimental and analytical Moment-Curvature relationships in the unstrengthened 
sagging zone and strengthened hogging zone respectively. The numerical results have 
been calculated based on the experimentally recorded debonding strain of 0.9% for the 
carbon plate. 
   
Figure 9.51: M-K relationship for Beam U4 (sag)    Figure 9.52: M-K relationship for Beam U4 (hog) 
Assuming that the carbon plate debonded at the recorded strain of 0.9%, the analytical 
model predicts that this beam fails at an applied load of 68kN, through FRP debonding. 
This failure load is lower than the experimentally recorded failure load of 72kN. In addition, 
using the analytical model, the maximum possible moment capacity of the hogging zone 
has been predicted, assuming that the FRP plate would reach its ultimate strain capacity of 
1.8%. As shown in Figure 9.52, this retrofitted zone would fail ultimately through concrete 
crushing before the FRP plate ruptures at a strain of 1.8%. 
A schematic image of the redistribution of bending moment at hogging zone FRP debonding 
is shown in Figure 9.53, calculated by the analytical model. Similar to that of Beam U3, 
Beam U4 exhibited a ductile flexural behaviour throughout the experiment due to sufficient 
ductility in the sagging zone. 
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Figure 9.54 shows the prediction of Load-Moment relationships for the sagging and hogging 
zones in Beam U4, against those recorded experimentally. As the analysis shows, a larger 
magnitude of bending moment has been redistributed from the sagging zone to the hogging 
zone at FRP debonding in Beam U4, in comparison with Beams U1 and U3. Despite using 
FRP, Beam U4 exhibited a higher capacity for moment redistribution since the hogging 
zone had a higher moment capacity due to the application of FRP. A larger debonding strain 
has been recorded in the carbon plate, indicating the effectiveness of the U-wrap anchors. 
A moment redistribution of 52% occurred in the experiment, out of the sagging zone (into 
the hogging zone) at FRP debonding. As shown in Figure 9.54, since the prediction for 
moment capacity of the sagging zone is slightly less than the experimentally calculated 
moment capacity, the prediction for the flexural performance is slightly different from the 
experimental flexural performance. The model predicts 57% moment redistribution out of 
the sagging zone at debonding. 
 
Figure 9.54: Experimental Load-Moment relationship vs analytical prediction for Beam U4 
As noted earlier, if the carbon plate is anchored adequately, which allows the plate to reach 
its ultimate strain capacity, the analytical model predicts that a higher moment capacity will 
be obtained, and failure will occur through concrete crushing before the plate ruptures. This 
causes Beam U4 to experience a maximum possible moment redistribution of 64% at an 
ultimate failure load of 79kN. It is to be noted that anchoring the FRP has improved the level 
of moment redistribution in Beam U4, compared with that of Beam U3.  
The influence of FRP quantity on the degree of moment redistribution has been investigated 
through a parametric study for Beams U3 and U4, using the analytical model. Figure 9.55 
illustrates the Moment-Curvature relationship for the strengthened hogging zone in both 
beams, based on different quantities of FRP, assuming that the FRP reaches the ultimate 
strain capacity of 1.8%. As indicated in Figure 9.55, increasing the quantity of FRP causes 
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Figure 9.55: Moment-Curvature relationship for Beams U3 and U4 for various quantities 
of FRP 
As shown in Figure 9.56, the analytical model predicts that the greater the quantity of FRP 
in the hogging zone, the higher the capacity for moment redistribution from sagging to 
hogging at failure (either FRP rupture or concrete crushing in the hogging zone). For 
example, as shown in Figure 9.56, a maximum moment redistribution of 57% will occur at 
a failure load of 68kN if an area of 35mm2 of the carbon plate is used. Further to this, the 
application of 70mm2 of the FRP in the hogging zone leads to a maximum moment 
redistribution of 64% at failure (i.e. concrete crushing at a load of 79kN), as described in 
the previous section. As such, a larger quantity (300mm2) of the FRP causes more bending 
moment to be redistributed from sagging to hogging (which is 71% in this case at a failure 
load of 107kN). Thus, increasing the quantity of FRP causes the beam to exhibit a higher 
capacity for moment redistribution. 
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9.2.11 Beam U5 (sagging and hogging-zone strengthening) 
Beam U5 was strengthened in both the hogging zone (using carbon FRP plate) and sagging 
zone (using NSM CFRP tapes). One of the NSM carbon tapes debonded at an applied load 
of 92kN, and following a drop in load, a further load increase caused the second NSM tape 
to debond at 85kN, accompanied by debonding of the hogging zone carbon plate. Moment-
Curvature relationships have been predicted for the sagging and hogging zones using the 
analytical model. Figures 9.57 and 9.58 illustrate the comparisons between the 
experimental and analytical Moment-Curvature relationships for the strengthened sagging 
and hogging zones. The results for the sagging zone have been calculated assuming that 
the NSM carbon tape debonded at the recorded strain of 1.0%, and the hogging zone 
carbon plate debonded at the experimentally recorded strain of 0.35%. There is a good 
comparison between the two results in the hogging zones, but a difference is observed in 
Figure 9.57 between the two results in the sagging zone.  
   
Figure 9.57: M-K relationship for Beam U5 (sag)    Figure 9.58: M-K relationship for Beam U5 (hog) 
The moment capacities of the sagging and hogging zones have also been predicted, 
assuming that the FRP would reach its ultimate strain capacity. As shown in Figures 9.57 
and 9.58, concrete crushing precedes rupture of the FRP in both sagging and hogging 
zones if the FRP does not debond prematurely. A failure load of 85kN has been predicted 
for Beam U5 using the numerical model, assuming that the carbon tape debonded at the 
experimentally recorded strain of 1.0%. This prediction is slightly less than the experimental 
failure load of 92kN recorded. This is because of the difference between the experimental 
and analytical bending moment calculated for the sagging zone, as shown in Figure 9.57. 
The degree of moment redistribution is also shown in Figure 9.61 for debonding of the FRP 
at a typical strain of 0.8%. 
A comparison has been also made for Beam U5 between the Load-Deflection relationship 
(obtained from the experimental data) and those predicted using the new analytical model. 
Figure 9.59 illustrates the data at the position of Transducers 1 and 2, as depicted in Figure 



















































Figure 9.59: Experimental Load-Deflection curves vs numerical prediction for Beam U5 
It is observed in Figure 9.59 that the numerical results are slightly different from the 
experimental data and the model has predicted smaller deflections than those recorded 
experimentally. This might be because of the concrete softening model adopted for the 
analytical analysis. A schematic image of the redistribution of bending moment at sagging 
zone FRP debonding is shown in Figure 9.60, calculated by the analytical model. 
 
Figure 9.60: Redistribution of bending moment at FRP debonding in Beam U5 
Figure 9.61 shows the experimental Load-Moment relationships for the sagging and 
hogging zones, against the analytical predictions. A relatively elastic flexural behaviour was 
observed in Beam U5 throughout the experiment, until the sagging zone NSM tape 
debonded. Nonetheless, an experimental moment redistribution of 18% occurred out of the 
sagging zone (into the hogging zone) prior to FRP debonding at 92kN. This flexural 
performance has been reasonably predicted by the analytical model, which shows a 
prediction for 19% moment redistribution out of the sagging zone, but at 85kN. Compared 
with Beam U2, a larger magnitude of bending moment has been redistributed in Beam U5, 
showing that FRP strengthening of the region into which bending moment is redistributed 
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and U4, a lower degree of moment redistribution occurred in Beam U5, demonstrating that 
FRP strengthening of the zone from which bending moment is redistributed reduces the 
capacity for moment redistribution. 
 
Figure 9.61: Experimental Load-Moment curves vs analytical prediction for Beam U5 
Although this beam was strengthened using FRP, a reasonable degree of moment 
redistribution occurred at debonding (18%), since the strain in the NSM tape was relatively 
large at debonding. As shown in Figure 9.61, the analytical model has predicted the 
maximum possible capacity for moment redistribution in this strengthened beam.  
For the best case scenario, it has been predicted that, if the NSM carbon tape (in the 
sagging zone) can reach its ultimate strain capacity of 1.7%, and also, if the hogging zone 
carbon plate does not debond before failure of the tape, the concrete will crush in the 
sagging zone at a failure load of 117kN, followed by crushing of concrete in the hogging 
zone. In this case, the maximum possible moment redistribution (approximately 22%) will 
occur out of the strengthened sagging zone, which is significant. If any other failure mode 
occurs (for example, the hogging zone carbon plate debonds before concrete crushing), 
the degree of moment redistribution will be lower than this predicted ultimate capacity. In 
addition, it is to be noted that the direction of moment redistribution is always from sagging 
to hogging in Beam U5 as the latter zone is always stiffer flexurally than the former zone.  
 
 
9.2.12 Beam U6 (sagging and hogging-zone strengthening with U-wrap anchors) 
Beam U6 was strengthened using a similar scheme to that of Beam U5. However, the 
hogging zone carbon plate was anchored in Beam U6, using inclined U-wraps. This allowed 
the influence of FRP anchorage on the level of moment redistribution to be examined. The 
inserted NSM tapes debonded at applied loads of 106kN and 84kN in turn. The anchored 
carbon plate debonded when the second NSM tape debonded. A significant increase in the 
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beam, compared with those of the control specimen. The Moment-Curvature relationships 
for the sagging and hogging zones have been predicted using the analytical model. Figures 
9.62 illustrates the comparison between the experimental and analytical Moment-Curvature 
relationships in the NSM-strengthened sagging zone, but Figure 9.63 only shows the 
analytical results due to lack of experimental data for the hogging zone. The numerical 
results have been calculated based on the experimentally recorded debonding strains of 
0.8% and 1.4% for the FRP plate and NSM tape, respectively. 
   
Figure 9.62: M-K relationship for Beam U6 (sag)    Figure 9.63: M-K relationship for Beam U6 (hog) 
The analytical model predicts that beam U6 fails at a load of 106kN, assuming that the NSM 
carbon tape debonded at the recorded strain of 1.4%. This failure load compares well with 
the experimental failure load of 106kN. Also, using the analytical model, the ultimate 
moment capacities of the sagging and hogging zones have been predicted, assuming that 
the FRP would reach its ultimate strain capacity in both sagging and hogging zones. In this 
case, it has been predicted that both zones would fail through concrete crushing before 
rupture of the FRP at strains of 1.7% and 1.8% respectively, as shown in Figures 9.62 and 
9.63. Illustrated in Figure 9.64 is a comparison between the Load-Deflection relationships 
recorded experimentally by Transducers 1 and 2 in Beam U6, and those predicted using 
the new analytical model. The experimental data compare very well with the numerical 
results during the elastic range. However, the difference between the two results increases 
upon yielding of the sagging zone steel reinforcement at an applied load of 62kN. As noted 
for other beams, this might be due to the concrete softening and cracking model adopted 
for the numerical analysis. 
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A similar flexural behaviour to that of Beam U5 has been observed in Beam U6, which 
exhibits approximately elastic flexural performance throughout the experiment, until the 
NSM tapes and anchored FRP plate debonded. A schematic image of the redistribution of 
bending moment at sagging zone FRP debonding is shown in Figure 9.60, calculated by 
the analytical model. 
 
Figure 9.65: Redistribution of bending moment at FRP debonding in Beam U6 
In comparison with Beam U5, a greater load-bearing capacity was observed in this beam 
and a larger debonding strain was recorded in both the NSM tapes and carbon plate, 
demonstrating the effectiveness of the U-wrap anchors. Figure 9.66 shows the Load-
Moment relationships for the sagging and hogging zones, predicted using the numerical 
model, against the data recorded experimentally. Moment redistribution of 20% occurred 
experimentally out of the sagging zone (into the hogging zone) at debonding of the NSM 
tape. As shown in Figure 9.66, the analytical model predicts that moment redistribution of 
21% occurred out of the sagging zone at NSM tape debonding. 
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Owing to the high debonding strain recorded in the NSM tape, a significant proportion of 
bending moment has been redistributed from the sagging zone at debonding (20%), even 
though the beam has been strengthened with FRP. Figure 9.66 shows the maximum 
capacity for moment redistribution in this strengthened beam. As noted earlier for Beam 
U5, it has been predicted that, if the NSM tape (in the sagging zone) can reach its ultimate 
strain capacity of 1.7% and, also if the hogging-zone carbon plate does not fail before failure 
of the NSM tapes, this beam will fail at a failure load of 117kN and through crushing of the 
concrete in the sagging zone, followed by concrete crushing in the hogging zone. Hence, 
the maximum possible moment redistribution (approximately 22%) will occur out of the 
strengthened sagging zone, which is significant. In the case of any other possible failure 
modes (for example, if the hogging zone carbon plate debonds before concrete crushing), 
the degree of moment redistribution will be clearly lower than this predicted ultimate 
capacity. 
A parametric study has been conducted to further investigate the capacity for moment 
redistribution in Beams U5 and U6. The area of FRP has been varied in the sagging zone 
from 32mm2 to 250mm2, while the FRP quantity is assumed to be constant in the hogging 
zone. This is due to the fact that the sagging zone controls moment redistribution in this 
beam. Figure 9.67 illustrates the Moment-Curvature relationship for the strengthened 
sagging zone, based on various quantities of FRP, assuming that the FRP can reach its 
ultimate strain capacity. As shown in Figure 9.67, the greater the quantity of FRP, the higher 
the possibility for concrete to crush prior to FRP rupture in the retrofitted sagging section.  
 
Figure 9.67: Moment-Curvature relationship for Beam U5 for various quantities of FRP 
As the analytical model predicts, the lower the quantity of FRP in the sagging zone, the 
higher the degree of moment redistribution from sagging to hogging. For example, as 
shown in Figure 9.68, if an area of 32mm2 of the NSM tape is used in the sagging zone, it 
will result in a maximum moment redistribution of 28% at failure (i.e. FRP tape rupture at 
an applied load of 90kN) out of the sagging zone which is significant for an FRP-retrofitted 
concrete section. Also, application of 64mm2 of the NSM tape in the sagging zone leads to 
a maximum moment redistribution of 22% at failure (i.e. concrete crushing at a load of 
117kN) as described in the previous section, which again is considerable. Larger quantities 
of FRP cause less and less bending moment to be redistributed from sagging to hogging 
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sagging zone. In conclusion, increasing the quantity of FRP in the sagging zone causes the 
beam to exhibit a more linear elastic flexural performance, with lower capacity for moment 
redistribution. 
 
Figure 9.68: Prediction of moment redistribution in Beams U5 and U6 for various 
quantities of FRP 
 
 
9.3 Summary  
The experimental data of the T-beams (in two different groups: T-series and U-series) have 
been analysed and discussed in this chapter, using the new analytical model described in 
Chapter 3. A comparison has been made for each beam between the experimental data 
and analytical results, including Moment-Curvature relationships, Load-Deflection 
relationships and Load-Moment relationships for the sagging and hogging zones. In 
general, a good comparison has been observed between the experimental and analytical 
results, indicating the ability of the analytical model to predict the flexural behaviour of FRP 
strengthened beams. As such, the model has been used to predict the maximum moment 
capacity of the critical sections, assuming that the FRP can reach its ultimate strain 
capacity, and debonding is prevented. This has allowed the maximum possible moment 
redistribution to be found for each beam. This has demonstrated the importance and 
influence of anchoring on moment redistribution, both experimentally and analytically. 
In addition, the effect of FRP quantity on the level of moment redistribution has been further 
investigated through varying the area of FRP in both sagging and hogging zones. This has 
clearly shown that increasing the quantity of FRP in the zone from which bending moment 
is redistributed reduces the capacity for moment redistribution, while adding more FRP to 
the zone into which bending moment is redistributed increases the capacity for moment 
redistribution. Provided in Table 9.2 is a summary of the comparisons for the beams in both 
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T1 N.A (control) - 54 52 34 37 37 
T2 Sagging - 54 54 6.5 6.8 12 
T3 Sagging U-wrap 104 103 9.5 11 12 
T4 Hogging - 71 69 48 51 54 
T5 Hog&Sag - 52 52 9.5 9.5 14 
T6 Hog&Sag U-wrap 114 106 12.7 12.5 14 
U1 N.A (control) - 55 54 32 36 36 
U2 Sagging - 94 95 11 12.5 13.5 
U3 Hogging - 61 59 42 52 64 
U4 Hogging U-wrap 72 68 52 57 64 
U5 Hog&Sag - 92 85 18 19 22 
U6 Hog&Sag U-wrap 106 106 20 21 22 
 
 
A parametric study is conducted in the following chapter to investigate the effect of major 
parameters on the capacity for moment redistribution which can occur in an FRP-








As described in Chapter 3, an analytical model has been developed to investigate flexural 
performance of FRP-strengthened continuous concrete beams and to quantify the degree 
of moment redistribution. The analytical model was validated through an experimental 
programme as shown and discussed in Chapters 8 and 9. A reasonably good correlation 
was observed between the experimental results and analytical predictions, indicating that 
the analytical model can be utilised for the analysis of an indeterminate concrete flexural 
member strengthened with FRP. In this chapter, a number of parametric studies are carried 
out to examine the influence of various structural and material parameters on the capacity 
for moment redistribution after FRP strengthening. The major parameters which are 
considered in these studies include concrete compressive strength, yield strength and 
proportion of steel reinforcement, axial stiffness (EA value) of the FRP material, ultimate 
strain in the FRP at debonding/rupture, and load position. 
 
10.2 Study of effective parameters 
To conduct the parametric studies, a typical two-span continuous T-beam is adopted as the 
reference beam. The beam is subjected to a single point load which is applied only to one 
span (the same as that used in the experimental program of this research, as shown in 
Figure 4.1, Chapter 4). This assists the quantification of moment redistribution in this case.  
Elastic distribution of bending moments is calculated using elastic analysis, assuming that 
no moment redistribution occurs. A typical and relatively realistic beam section has been 
adopted for the unstrengthened reference beam along the length (for the sagging and 
hogging zones as appropriate). Figure 10.1 shows the geometry and cross section of the 
reference beam in the sagging and hogging regions. Many parameters may be investigated 
in a study of moment redistribution in FRP strengthened concrete beams but, in this study, 
possibly important parameters have been considered, according to the experimental and 
analytical findings of this research. For each parameter, various values have been selected, 
and the results are compared with the results related to the reference beam shown in Figure 
10.1. Except for the major parameters under investigation, all other parameters and values 
are maintained constant during this study.  




Figure 10.1: Geometry and cross section of the unstrengthened reference beam adopted 
for the parametric studies 
The beam dimensions and internal steel reinforcement proportions have been adopted for 
the hogging and sagging zones of the reference beam such that a theoretical moment 
redistribution capacity of at least 30% (from sagging to hogging) can be achieved for the 
unstrengthened reference beam before FRP strengthening. Hence, the steel reinforcement 
ratio of the hogging zone to the sagging zone is kept 2.0 in all cases during this parametric 
study. This was described theoretically in Chapter 4, and demonstrated experimentally in 
Chapters 6 and 7. Also, this potential for moment redistribution can be seen in Figure 10.2, 
in which the Moment-Curvature relationship and moment capacity of the sagging and 
hogging zones are depicted. Throughout this chapter, the proportion of steel reinforcement 
is stated as a percentage of the whole cross-sectional area of the given concrete section. 
This helps for a better comparison of steel proportion between the hogging and sagging 
zones. However, the sagging zone has been designed to be highly under-reinforced such 
that the actual sagging zone steel proportion is 0.4%.  
 
Figure 10.2: The Moment-Curvature relationships for the hogging and sagging zones in 
the unstrengthened reference beam 
Listed in Table 10.1 are the default material properties and parameters adopted for the 
reference beam. These values are kept constant for all beams during these parametric 
studies, except for the specific parameter under investigation in each case, which is 
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Table 10.1: Default material properties used in the parametric study 
Material property value Material property value 
Tensile steel 
reinforcement in the 
sagging zone (As) 
800mm2 (0.75%) 
Tensile steel 




reinforcement in the 
sagging zone (Asc) 
400mm2 (0.37%) 
Compression steel 



















The effective parameters (as named previously) are investigated separately in this chapter. 
It is to be noted that in all cases, the Moment-Curvature relationship is examined and the 
capacity for moment redistribution is predicted using the new analytical model and 
calculated using Eq 3.6, as described in Chapter 3. A moment redistribution capacity of 
31% has been predicted for the unstrengthened reference beam, shown in Figure 10.1, at 
ultimate failure. It is also assumed that shear failure is prevented using steel shear links, 
and there is an adequate bond between the concrete and FRP in the FRP-strengthened 
beams. Therefore, the maximum possible moment redistribution of the retrofitted beams is 
predicted assuming that the FRP reaches its ultimate capacity throughout the parametric 
studies. However, the results for FRP debonding (at a typical strain of 0.8%) are presented 
too for comparison with the maximum possible values. 
10.2.1 Effect of concrete compressive strength (f’c) 
The compressive strength of concrete has been investigated through varying its value from 
20MPa to 50MPa. Shown in Figure 10.3 are the Moment-Curvature relationships for the 
sagging zone of the reference beam for these various concrete strengths. It can be seen 
that the larger the compressive strength of concrete, the greater the ductility of the 
unstrengthened section, while a very minor increase will occur in the strength (i.e. moment 
capacity) of the section (about 7% increase going from 20MPa to 50MPa). 
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In addition, as shown in Figure 10.3, if the concrete section is strengthened using FRP, 
increasing concrete compressive strength will improve ductility, provided that concrete 
crushing occurs prior to FRP failure. Otherwise, if FRP failure precedes concrete crushing, 
increasing concrete compressive strength will not have any effect on ductility. It is apparent 
that a reduction in concrete strength may cause concrete crushing to occur prior to FRP 
failure in the critical section. 
Figure 10.4 depicts the relationship between concrete compressive strength and moment 
redistribution capacity of the reference beam, with and without FRP. Although the ductility 
and rotation capacity of the sagging zone can be improved by increasing concrete strength, 
the capacity for moment redistribution is increased only very slightly, since the moment 
capacity of different sections along the length of the beam remains more or less constant. 
Hence, an increase in the ductility of the sagging zone cannot improve the level of moment 
redistribution (from sagging to hogging) by itself. 
 
Figure 10.4: The relationship between concrete strength and moment redistribution capacity 
It is worth noting that if a critical section in a concrete beam is strengthened using FRP, 
increasing the concrete strength will potentially affect and improve the bond strength 
between the concrete and FRP which (Ashour et al., 2004), consequently, will ensure a 
larger debonding strain in the FRP at failure. Nonetheless, even in the best case scenario, 
the compressive strength of concrete does not play any major role in the ultimate degree 
of moment redistribution occurring in the concrete beam. 
 
10.2.2 Effect of tensile steel reinforcement proportion (As) 
The area (or proportion) of the sagging zone tensile steel reinforcement has been varied 
from 0.2% to 3.0% of the cross sectional area. This means that As can be different from the 
fixed quantity described in Table 10.1 only in this study section. The proportion of tensile 
reinforcement in the hogging zone is kept as twice that of the sagging zone in all cases to 
ensure that a moment redistribution capacity of at least 30% remains constant. This allows 
for a direct comparison among all beams under investigation. The amount of compression 
steel reinforcement is always fixed in all beams along the length (as noted in Table 10.1). 
The effect of reinforcement proportion on the Moment-Curvature relationship for the 
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expected, the greater the amount of steel reinforcement, the larger the moment capacity of 
the concrete section but with lower curvature ductility. It was found that increasing the 
tensile reinforcement proportion can turn a ductile section to a brittle section with a low 
curvature capacity, as shown in Figure 10.5. 
 
Figure 10.5: Effect of steel reinforcement on the Moment-Curvature relationship 
Increasing the proportion of tensile steel reinforcement may change the mode of failure 
from ductile failure (concrete crushing following steel yield) to brittle failure (concrete 
crushing prior to steel yield) if other characteristics remain constant. The high stiffness of 
an over-reinforced concrete beam may cause it to behave elastically, and reduction of 
ductility, and rotation capacity in turn, in this beam could lead to a lower redistribution of 
bending moment from sagging to hogging, compared with that of an under-reinforced 
concrete beam. This can be seen in Figure 10.6, in which the capacity for moment 
redistribution is reduced if the steel reinforcement proportion is increased. As shown in 
Figure 10.6, 33% of bending moments are redistributed when a small reinforcement 
proportion of 0.2% is used in the unstrengthened beam, while moment redistribution is 
reduced to 14% in this beam when a large reinforcement proportion of 3.0% is used. 
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As shown in Figure 10.6, when the beam is strengthened only in the sagging zone using 
FRP, increasing steel proportion will reduce the degree of moment redistribution if the FRP 
debonds. However, if the FRP can reach its ultimate strain and fails by rupture, the degree 
of moment redistribution will be low for small proportions of steel as the effect of FRP 
becomes higher, compare with that of a beam with larger steel proportions, such that the 
hogging zone will reach steel yield before the strengthened sagging zone and a low moment 
redistribution will occur out of the sagging zone. If the proportion of steel reinforcement is 
increased, the effect of the FRP becomes less and more moment redistribution occur. But 
this happens up to a specific proportion beyond which the greater the steel proportion, the 
lower the level of moment redistribution since the hogging zone steel reinforcement does 
no longer yield prior to flexural softening of the sagging zone.  
 
10.2.3 Effect of steel yield strength (fy) 
To investigate the effect of steel yield strength on moment redistribution, five different 
strengths have been adopted and examined across all bars, with values of 300MPa, 
400MPa, 500MPa, 600MPa and 700MPa. Figure 10.7 shows the relationship between 
bending moment and curvature for the sagging zone, for each of these yield strengths. As 
seen in this figure, an increase in the yield strength of steel reinforcement can increase the 
strength (moment capacity) of the concrete section, but the stiffness remains constant 
before steel reinforcement yields, and ductility is reduced. In addition, in FRP-strengthened 
sections, increasing steel yield strength can change failure mode from FRP failure to 
concrete failure. 
 
Figure 10.7: Effect of yield strength on the Moment-Curvature relationship for the sagging 
zone in the given reference beam 
Increasing the steel yield strength may increase the degree of moment redistribution out of 
the sagging zone since the strength of the hogging zone (along with the sagging zone) is 
increased subsequently, but also it may reduce the capacity for moment redistribution as 
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optimum value for the yield strength by which the maximum degree of moment redistribution 
will occur in the beam, which shows the best case scenario for the balance between 
strength increase and ductility reduction. Figure 10.8 illustrates the relationship between 
steel yield strength and moment redistribution capacity of the unstrengthened and 
strengthened reference beam. As seen in this figure, the maximum degree of moment 
redistribution occurs for a steel yield strength of 400MPa in the unstrengthened beam, and 
moment redistribution is reduced for the yield strengths of less or more than this optimum 
yield strength. Similar behaviour is seen in the beam strengthened with FRP when the FRP 
can reach its strain capacity, with the maximum moment redistribution at yield strength of 
500MPa. However, if the FRP debonds prematurely, increasing steel yield strength will 
reduce moment redistribution. 
 
Figure 10.8: The relationship between steel yield strength and moment redistribution 
capacity 
The parameters investigated so far are common between unstrengthened RC beams and 
FRP strengthened RC beams. In the following sections, the major parameters in FRP 
strengthened beams are investigated. 
 
10.2.4 Effect of FRP quantity (Afrp) and stiffness (EA) 
There is a large available range of elastic modulus (Efrp, which may vary from 40GPa to 
580GPa) and cross-sectional dimensions (Afrp) for FRP materials since they are 
manufactured of various fibres and for various applications. In this study, the effect of FRP 
on moment redistribution is examined through adopting different EA values for FRP (axial 
stiffness), which represents a combination of both elastic modulus and FRP quantity. Elastic 
modulus (E) is fixed in this study, as described in Table 10.1. Hence, the cross sectional 
area of the FRP has been varied between 0.03% and 0.3% of the whole cross-sectional 
area. Figure 10.9 illustrates the Moment-Curvature relationship for the sagging zone when 
strengthened with various percentages of Afrp on the soffit of the loaded span. As seen in 
this figure, the greater the area of FRP, the greater the ultimate strength of the retrofitted 
section and, in turn, the stiffer the section and the lower the curvature ductility. Hence, this 
means that increasing the elastic FRP material can significantly reduce the curvature 
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Consequently, a lower degree of moment redistribution is expected when more or stiffer 
FRP is applied to the sagging zone. Moreover, the mode of failure may change from FRP 
rupture to concrete crushing by increasing the quantity of the FRP (or stiffness), if the FRP 
can reach its full strain capacity. A balanced failure (when both FRP rupture and concrete 
crushing occur simultaneously in the sagging section) occurs for an Afrp of 0.12% in this 
beam. Accordingly, application of any Afrp smaller than 0.12% will lead to FRP failure prior 
to concrete failure while, conversely, application of larger percentages of Afrp will result in 
crushing of the concrete prior to FRP rupture. As noted in previous chapters, failure mode 
plays a major role in the flexural performance of FRP strengthened concrete beams. 
 
 
Figure 10.9: Effect of FRP quantity on the Moment-Curvature relationship (sagging zone) 
 
The relationship between the quantity of FRP and the percentage of moment redistribution 
out of the sagging zone is investigated here for two different strengthening configurations. 
In the first case, it is assumed that the sagging zone is strengthened only, and the hogging 
zone (over the interior support) remains unstrengthened. Figure 10.10 depicts the capacity 
for moment redistribution when the sagging zone is strengthened with various quantities of 
FRP. Also, the relationship between the quantity of FRP and moment redistribution capacity 
is provided for various quantities of tension steel reinforcement (As) in the sagging zone, 
assuming that the ratio of the sagging zone reinforcement to the hogging zone 




































Figure 10.10: Effect of FRP quantity on moment redistribution capacity out of the sagging 
zone, when this zone is strengthened only 
As shown in Figure 10.10, the moment redistribution capacity of the FRP strengthened 
beam is clearly dependent on the combination of FRP quantity and steel reinforcement 
proportion. For example, for a fixed area of FRP, it is seen in Figure 10.10 that moment 
redistribution capacity is higher for a steel proportion of 1.0% than both proportions of 0.2% 
and 2.0%, which demonstrates that there is an optimum quantity of corresponding steel 
reinforcement for any specific FRP quantity. This optimum steel proportion leads to the 
maximum capacity for moment redistribution in the beam for that case. Furthermore, in 
general, for all steel proportions, increasing the FRP quantity (or stiffness) will reduce the 
capacity for moment redistribution such that for a very low steel percentage of 0.2%, 
bending moment may be redistributed from hogging to sagging inversely if an FRP area of 
0.11% or larger is applied to this beam. Overall, it is predicted that moment redistribution is 
quite feasible out of an FRP strengthened section provided that the FRP can reach its strain 
capacity. Using an optimum FRP area and steel quantity, a moment redistribution of 17% 
may occur in this particular case which is significant for an FRP strengthened section. 
In the second case, it is assumed that the sagging and hogging zones are strengthened 
simultaneously, and the steel reinforcement proportion is fixed in both zones, according to 
the values described in Table 10.1. Figure 10.11 illustrates the capacity for moment 
redistribution when the sagging zone is strengthened with various areas of FRP. The 
relationship between the area of the sagging zone FRP and moment redistribution capacity 










































Figure 10.11: Effect of FRP quantity on moment redistribution capacity (out of sagging) 
when both the sagging and hogging zones are strengthened 
As illustrated in Figure 10.11, the general trend shows that the higher the amount of FRP 
which is added to the sagging zone, the lower is the capacity to redistribute bending 
moment. As previously mentioned, this is due to the reduction in curvature ductility in the 
strengthened zones. Moreover, it is predicted that application of FRP to the hogging zone 
improves the degree of moment redistribution such that, as seen in Figure 10.11, for each 
fixed FRP area in the sagging zone, a larger degree of moment redistribution occurs if more 
(or stiffer) FRP is used in the hogging zone. This was previously demonstrated 
experimentally in Chapters 6 and 7. A significant moment redistribution of 18% has been 
predicted from sagging to hogging if a small FRP area of 0.03% is used in the sagging 
zone, and a large FRP quantity of 0.3% is applied to the hogging zone. 
 
10.2.5 Effect of the ultimate (or failure) strain of FRP (εfrp) 
 
The strain at which the FRP ruptures is usually called the ultimate strain. It may typically 
vary from 1.4% to 1.9% depending on the type and stiffness of the FRP. However, in FRP 
strengthened concrete beams, the ultimate (or failure) strain of the FRP refers to the strain 
at which FRP fails. This failure may be due to debonding from the concrete surface (over a 
large range of debonding strains from 0.4% to 1.2%), or due to rupture. FRP debonding 
occurs when the bond strength between concrete and FRP is not adequate. As a result, 
FRP debonds prematurely at a lower strain than its rupture strain capacity. A larger failure 
strain provides more ductility for the strengthened section, allowing for a higher level of 
moment redistribution since a larger rotation capacity is obtained in the beam under loading. 
In this parametric study, FRP failure strain has been varied between 0.4% and 1.8% to 
cover both failure modes of debonding and rupture. It has been assumed that the sagging 
zone only is strengthened. Illustrated in Figure 10.12 are the Moment-Curvature 
relationships for the sagging zone, for various ultimate strains in the FRP. This figure shows 
the effect of FRP failure strain on both moment capacity and curvature capacity of the 
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strength and curvature of the section. However, this comment is only true when FRP failure 
occurs prior to concrete crushing. Otherwise, if the FRP is so stiff that concrete fails before 
the FRP, the increase in FRP failure strain improves neither the strength nor the curvature 
capacity. 
 
Figure 10.12: Moment-Curvature relationship for the sagging zone (after FRP 
strengthening) for various FRP failure strains 
Flexural behaviour of an FRP strengthened concrete section is usually more ductile when 
the FRP reaches a larger strain. As shown in Figure 10.13, FRP failure strain is influential 
in the level of moment redistribution occurring at failure. It is predicted that the degree of 
moment redistribution may be increased from 5% to 14% (in this specific example) if the 
FRP ruptures at a strain of 1.8% instead of debonding at a much lower strain of 0.4%. In 
fact, it should be noted that although application of FRP reduces ductility of the 
strengthened section compared with the corresponding unstrengthened section, it is 
observed in Figure 10.13 that it is quite feasible to redistribute a significant amount of 
bending moment (even up to 14% for this case of the study) out of the strengthened sagging 
zone, provided that the FRP can reach its ultimate strain capacity of 1.8%. Obviously, this 
amount of moment redistribution could be even more, if the hogging zone is strengthened 
with FRP too, as discussed previously. 
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10.2.6 Effect of strengthening configuration (FRP position)  
The influence of strengthening configuration was described previously in Chapters 3, 8 and 
9. Strengthening configuration here refers to how the FRP can be added to the various 
locations (the most critical points) along the length of a flexural concrete member. There 
are three configurations: the FRP can be applied to the sagging zone only (located in the 
span under the applied load as shown in Figure 10.1), or to the hogging zone only (over the 
interior support), or to both zones simultaneously. Due to the loading arrangement and 
moment capacities of the sagging and hogging zones adopted for these parametric studies, 
as depicted in Figure 10.1, the sagging zone reaches its ultimate strength before the 
hogging zone does. Accordingly, as described in Chapter 3 and discussed in Chapters 8 
and 9, and also demonstrated earlier in the current chapter (section 10.2.4), FRP 
strengthening of the sagging zone significantly reduces moment redistribution capacity, 
depending on the quantity or stiffness of the FRP. On the other hand, capacity for moment 
redistribution may be increased by increasing the strength of the hogging zone using FRP 
materials. Hence, rationally, the maximum possible moment redistribution should occur 
when the hogging zone only is strengthened, and the minimum capacity for moment 
redistribution should belong to the scheme in which the sagging zone only is strengthened. 
Strengthening of the two zones together should provide a capacity in between the two 
moment redistribution capacities mentioned earlier. Figure 10.14 illustrates these 
predictions. 
 
Figure 10.14: Effect of strengthening configuration on moment redistribution capacity 
It is observed in Figure 10.14 that capacity for moment redistribution in the reference beam 
is much higher when strengthened only in the hogging zone, compared with when 
strengthened only in the sagging zone or in both zones simultaneously. This demonstrates 
how strengthening of the zone from which moment redistribution is initiated reduces the 
capacity for moment redistribution. In addition, it should be noted that, as shown in Figure 
10.14, the graph relating to the ‘only hogging zone strengthening’ has an increasing trend, 
which indicates the improving effect of this strengthening scheme on moment redistribution. 
Conversely, the graph relating to the ‘only sagging zone strengthening’ is always 
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10.2.7 Effect of load position (xload) 
The position of concentrated load applied to the beam may have an effect on moment 
redistribution. This effect has been investigated in this study through adopting 4 positions 
for the single concentrated load applied to one span. A schematic image of the loading 
arrangement can be seen in Figure 10.15. The load position (from the left exterior support) 
has been varied from 1m to 2.5m. Also, it has been assumed that the sagging zone only is 
strengthened using various quantities of FRP. Figure 10.16 depicts the relationship 
between load position and moment redistribution capacity of the beam in different cases.  
 
Figure 10.15: A schematic image of the different positions of concentrated load 
 
 
Figure 10.16: Effect of load position on moment redistribution capacity 
As shown in Figure 10.16, changing the position of load can significantly affect the degree 
of moment redistribution occurring from sagging to hogging. It has been predicted that if the 
beam is not strengthened or if a very low quantity of FRP is used (in the sagging zone), the 
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In fact, the amount of moment redistribution for the closest load position to the interior 
support can be up to twice that of the farthest load position. The reason for this difference 
is that when the load is located closer to the interior support, the sagging zone (under the 
load position) will reach its moment capacity at a greater load compared with the case in 
which the load is located farther from the interior support. Moment redistribution is 
calculated from Eq 3.6, in which Mredis is constant for different cases (as it is the ultimate 
strength of the sagging zone) but Melas is greater for the case in which the load is located 
closer to the interior support. Hence, the resulting moment redistribution is larger as the 
load moves closer to the central support. 
If the quantity of FRP is increased, as shown in Figure 10.16, less bending moment is 
redistributed although an increasing trend is seen up to a specific point. Indeed, the high 
stiffness of the FRP applied to the sagging zone prevents increase in capacity for moment 
redistribution as the load position moves. 
 
10.2.8 Effect of shape (T-beam vs rectangular beam) 
Rectangular beams are not common in reality as concrete beams are usually constructed 
together with the concrete slab connected to their top surface. Hence, T-beams represent 
actual flexural members existing in reality. However, the effect of shape (of cross section) 
on moment redistribution is potentially important given the prevalence of rectangular beams 
tested in laboratories. Accordingly, two different types of cross section (namely, T-shaped 
and rectangular-shaped) have been selected for this parametric study. A schematic figure 
of the loading arrangement and span length is as shown in Figure 10.1. Details and 
dimensions of the adopted beams are depicted in Figure 10.17 for both cross sections. The 
two sections are very similar in terms of dimensions except that the T-section has a flange. 
The material properties are as in Table 10.1. 
 
Figure 10.17: Details of cross section for the given T-shaped and rectangular beams, 
adopted for the parametric study 
The Moment-Curvature relationship for the sagging and hogging sections has been 
predicted for both selected cross sections. As illustrated in Figure 10.18, the hogging zone 
behaves similarly in both rectangular beam and T-beam, since this zone is over-reinforced 
and presence (or absence) of the concrete flange (which is located on the tension face) 
does not play any role in the strength of the section. However, a difference is seen between 
the Moment-Curvature relationships of the sagging zone in the two different types of cross 
section. As shown in Figure 10.18, the sagging section in the unstrengthened T-beam is 
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more ductile and slightly stiffer than that of the corresponding rectangular beam. Also, if 
FRP is added, the mode of failure in the T-beam can be different from that of the rectangular 
beam.  
 
Figure 10.18: Comparison of the Moment-Curvature relationships for the sagging and 
hogging zones between rectangular and T-shaped beams 
Figure 10.19 shows the influence of beam shape on the capacity for moment redistribution 
from sagging to hogging, assuming that all sections are steel doubly reinforced. It has been 
predicted that slightly more moment redistribution can occur in the rectangular beam than 
in the T-beam, if unstrengthened. The reason is that the sagging zone in the rectangular 
beam is less stiff than that of the T-beam, while both beams have hogging zones of similar 
stiffness. Hence, the stiffness difference (and also the strength difference) between the 
sagging and hogging zones in the rectangular beam is more than that of the T-beam. 
Consequently, the potential for moment redistribution is greater in the rectangular beam. 
However, it should be mentioned that this comment is only true when the sections are 
doubly reinforced. In this case, ultimate failure occurs through concrete crushing in the 
hogging zone (not in the sagging zone), and the sagging zone can withstand extra loads 
(after concrete crushing) as the compression reinforcement resists compression.  
If the unstrengthened beam is singly reinforced (only in tension), moment redistribution is 
greater in the T-beam than that of the rectangular beam. This is due to the fact that, in this 
case, the ultimate failure occurs through concrete crushing in the sagging zone (not in the 
hogging zone), since there is no compression steel to withstand additional compression. 
Accordingly, the failure load is less than that of the T-beam because the rectangular beam 
is less ductile in the sagging zone. Therefore, less bending moment will be redistributed in 
the rectangular beam compared with the T-beam.  
If both beams are FRP-strengthened, moment redistribution is greater in the T-beam than 
that of the rectangular beam when the FRP can reach its strain capacity. However moment 
redistribution would be almost similar in both beams if the FRP debonded. Nonetheless, in 
general, the difference in capacity for moment redistribution between the two cases (T-




































Figure 10.19: Comparison of moment redistribution between rectangular and T beams 
It is to be noted that a change in the loading arrangement will change the effect of beam 
shape on moment redistribution. For example, if the given reference beam is loaded with a 
concentrated load in both mid-spans (instead of a single point load only in one mid-span), 
a T-beam will show a higher capacity for moment redistribution compared to a rectangular 
beam, since in this case bending moment will be redistributed from hogging to sagging, 
which means the difference between the hogging stiffness and sagging stiffness is more in 
the T-beam than that of the rectangular beam. Thus, it appears that T-beams are more 
effective for moment redistribution consideration in real situations because of the loading 
arrangement usually available in reality. 
 
10.2.9 Effect of curvature ductility capacity 
As noted in Chapters 2 and 3 (Section 3.8.1), curvature ductility (μ) of a concrete section 
(whether FRP strengthened or not) is the ratio of the curvature at the ultimate condition (φu) 
to the curvature at steel yielding (φy). The curvature ductility capacity available in a concrete 
section indicates the actual amount of plastic rotation the critical region can develop. 
According to the literature (Ibell and Silva, 2004), the greater the curvature ductility of a 
section, the larger the degree of moment redistribution (out of the region), since a higher 
rotation capacity is provided for the critical region. To investigate the effect of curvature 
ductility on the level of moment redistribution, a parametric study has been carried out. 
Accordingly, the curvature ductility of the sagging zone has been calculated for different 
FRP quantities and for both cases of FRP rupture and FRP debonding.  
All curvature ductility values have been determined from the relationship between bending 
moment and curvature in the sagging zone for each beam. Figure 10.9 shows the Moment-
Curvature relationship, assuming that the FRP can reach its strain capacity and fails by 
rupture. Figure 10.20 illustrates the Moment-Curvature relationships, assuming that the 




































Figure 10.20: Effect of FRP quantity on the Moment-Curvature relationship (sagging 
zone), the FRP debonds at 0.8% 
Illustrated in Figure 10.21 are the relationships between FRP quantity and curvature 
ductility of the sagging zone for both cases of FRP debonding and FRP rupture. 
 
Figure 10.21: The relationship between FRP quantity and curvature ductility for the 
sagging zone in the given reference beam 
Figure 10.21 demonstrates that curvature ductility is increased by increasing FRP quantity 
if the section is FRP under-reinforced (namely, FRP failure precedes concrete compression 
failure), while curvature ductility is reduced by increasing FRP quantity when the section is 
FRP over-reinforced (in which concrete crushing is the mode of failure). Illustrated in Figure 
10.22 is the relationship between curvature ductility of the sagging zone and moment 
redistribution capacity for various quantities of FRP in the hogging and sagging zones. The 
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10.20, for various quantities of FRP. As shown in Figure 10.22, it is observed that in an 
FRP over-reinforced section, the lower the curvature ductility of the section, the lower the 
capacity for moment redistribution. However, in an FRP under-reinforced section, 
increasing the quantity of FRP increases the curvature ductility of the section, but reduces 
the capacity for moment redistribution. The horizontal and vertical axes have been swapped 
in Figure 10.22 for the ease of result comparison between Figure 10.21 and Figure 10.22. 
As shown in Figure 10.22, the degree of moment redistribution is relatively low for the 
curvature ductility less than 3.50 in this specific example, when the FRP fails by rupture. If 
were the FRP to debond prematurely, the level of moment redistribution would be much 
lower than that of FRP rupture, as shown in Figure 10.22. 
 
Figure 10.22: Effect of curvature ductility on moment redistribution capacity 
 
 
10.3 Design recommendation 
As explained in Chapter 2 (Section 2.7), the majority of international design codes are 
conservative in considering moment redistribution in FRP-strengthened concrete beams 
such that they limit, or prohibit, consideration of moment redistribution in design of such 
flexural members. However, the possibility of moment redistribution has been demonstrated 
in this research both theoretically and experimentally. According to the investigation into 
moment redistribution carried out in the current research, the following design 
recommendations can be made. 
There are two basic cases for redistribution of bending moments in FRP-strengthened RC 
flexural members. The first case relates to moment redistribution into a critical zone 
strengthened using FRP materials. As demonstrated in the literature (El-Refaie et al., 2003) 
and in this research, there is no logical reason to prohibit, or even limit, exploiting moment 
redistribution for this case, if an FRP retrofitted section is strong enough (i.e. it has sufficient 
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are redistributed) has sufficient rotation capacity to allow the redistribution, full moment 
redistribution should be considered, as in conventional reinforced concrete beams.  
As shown in Chapters 8 and 9, moment redistribution occurring into an FRP-strengthened 
section is greater than that occurring into an unstrengthened section even if the FRP 
debonds at a very low strain of 0.35%. This is due to the fact that the region, into which 
bending moment is redistributed, is stiffer and less stressed than the region from which 
bending moment is redistributed. Hence, a large amount of structural softening occurs in 
the latter region, causing the majority of moment redistribution capacity to happen, while 
the former region is still experiencing low strain. Accordingly, it is not required in this case 
to worry about the curvature ductility capacity (or rotation capacity) of the retrofitted zone.  
The second case relates to moment redistribution out of (or from) a concrete section 
strengthened using FRP materials. Although this is prohibited in all design standards and 
guidelines, moment redistribution out of strengthened zones may be feasible even to a 
reasonable extent under certain circumstances, as demonstrated and described in this 
research. It appears that a minimum value of curvature ductility should be determined for 
FRP-strengthened zones to ensure a certain level of moment redistribution in the 
strengthened beam. The difference between the original stiffnesses of critical sections in a 
beam must be large enough otherwise there will be a lack of sufficient capacity for moment 
redistribution in the beam.  
Most design standards limit the depth of neutral axis in design to ensure adequate ductility 
in the critical section for moment redistribution in conventional unstrengthened concrete 
beams. Up to 30% moment redistribution is allowed in unstrengthened beams for Ku (which 
is the ratio of the depth to the neutral axis to the effective depth of the section) varying 
between zero and 0.3. This factor cannot be used for FRP strengthened beams since the 
Ku factor is based on the assumption that concrete crushing is the mode of failure whereas 
it is not necessarily true when the section is strengthened using FRP. In this case, FRP 
debonding usually precedes concrete compression failure. Accordingly, the best option in 
this case is to control the adequacy of curvature ductility of the retrofitted section, but this 
is not sufficient by itself. 
To ensure the ability of a retrofitted section to redistribute bending moments adequately, it 
seems necessary and rational to consider the following items in design: 
 
1- The failure mode (to check whether concrete crushing precedes FRP failure or not); 
2- The ultimate strength (or moment capacity) of the critical sections; 
3- The difference between the initial (elastic) stiffness of the critical zones (hogging and 
sagging zones); 
4- The curvature ductility capacity of the strengthened section; 
5- Loading arrangement. 
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Above items allow inherent capability of the strengthened concrete section for moment 
redistribution to be controlled. As noted in item 3, if the initial stiffness of the two critical 
zones is identical (or very close together) which provides a relatively constant stiffness 
along the length of the beam, the potential for moment redistribution is dramatically 
reduced. For example, for the beam shown in Figure 10.1, the amount of moment 
redistribution is reduced from 31% to 17% even before strengthening. Hence, if the stiffness 
is constant along the particular beam being considered here and the sagging zone is 
strengthened, the capacity for moment redistribution will be reduced to less than 9% even 
in the best case scenario (assuming the FRP will reach a full strain capacity of 1.8%). Also, 
this may be much worse if the adopted loading arrangement (as shown in Figure 10.1) is 
replaced by a concentrated load in the middle of each span (instead of a single point load 
only in one mid-span), in which the capacity for moment redistribution will be only 11% 
before strengthening and only around 6% after strengthening of the sagging zone.  
Accordingly, to determine the ultimate capacity for redistribution of bending moments out 
of an FRP strengthened concrete zone, all items 1 to 5 should be considered carefully. The 
following recommendations can be made for considering moment redistribution out of such 
regions based on the experimental results shown in previous chapters and the parametric 
studies conducted in this chapter: 
- Moment redistribution should be logically prohibited out of the FRP strengthened 
sections which are not fully anchored. As shown in the literature and this research, the 
FRP usually debonds at a relatively low strain, which may be even much less than 0.8%, 
while concrete is still elastic and has a small strain. In addition, there is a risk in this 
case that steel reinforcement may not yield prior to FRP debonding causing almost no 
moment redistribution to occur.  
- If the FRP is anchored properly, using verified mechanical anchorage systems, and the 
beam has been designed originally (before FRP strengthening) such that the zone to 
be strengthened is much less stiff than the other critical zones, almost full moment 
redistribution can occur, depending on the feasible maximum capacity available for that 
case. Under specific circumstances, moment redistribution may occur up to 20%, out of 





A parametric study has been conducted in this chapter to investigate the influence of 
different parameters on the capacity for moment redistribution in FRP strengthened 
concrete beams. The major parameters included concrete compressive strength, steel 
reinforcement proportion, steel yield strength, FRP quantity and stiffness, FRP ultimate 
strain, strengthening configuration, load position and shape of cross section. The analytical 
model described in Chapter 3 was utilised for the parametric studies and the related findings 
have been provided for the effect of each of those parameters on moment redistribution at 
failure.  
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According to the findings of the parametric studies, and also based on the analytical and 
experimental results presented throughout this research, recommendations have been 
provided for design. It has been noted that the mode of failure, the strength of the other 
critical points, the ratio of stiffness between the critical points and the loading arrangement 
are all important, in addition to curvature ductility, in determining whether or not moment 
redistribution should be permitted out of FRP-strengthened zones. Presented in the next 








To date, the problem of quantifying moment redistribution in FRP-strengthened RC 
structures has been unresolved in the literature. The majority of previous work has been 
based on complicated fracture mechanics-based analytical models concerning the 
mechanisms of failure, or upon empirical limitations on curvature and rotation capacity. The 
current research aimed to find a simpler method, based on structural mechanics only, to 
quantify moment redistribution in such structures. In addition, a series of realistic-scale 
experiments was carried out to validate the newly-developed model. The following general 
conclusions can be drawn from the analytical and experimental findings of this dissertation: 
1) The new analytical model developed in this research provides promising results in 
modelling flexural behaviour of FRP-strengthened RC structures such that it can 
quantify moment redistribution, at any stage of loading up to failure, at reasonable 
accuracy. This is because, after FRP strengthening, the structure has an enhanced 
tendency to behave more linearly, and the new proposed model exhibits good 
agreement against experimental findings when flexural behaviour tends towards being 
linear. Thus, the greater the quantity and stiffness of the FRP, the higher the accuracy 
of the results. However, this accuracy is lower when the zone into which bending 
moment is redistributed is strengthened than that of the case when the zone from which 
bending moment is redistributed is strengthened. 
2) The experimental findings of the current research demonstrated that an FRP-
strengthened zone can redistribute a significant percentage of bending moment, up to 
20%, provided that the RC beam has been designed originally with full (30%) moment 
redistribution consideration, and the FRP does not debond prematurely such that it can 
attract large strain. 
3) Both analytical and experimental results indicated that if the zone into which bending 
moment is redistributed is only strengthened in a concrete beam, the degree of 
moment redistribution in this beam will always be higher than that possible in the 
original unstrengthened beam. This is because the zone from which moment 
redistribution initiates is unstrengthened and ductile, while the strengthened zone has 
a higher strength now compared to that before strengthening, which allows more 
bending moment to be redistributed into this zone. This is valid even if the FRP 
debonds at a low strain of 0.35%. Thus, moment redistribution into FRP-strengthened 
zones should be allowed without undue limitations, whereas design codes are 
presently rather conservative in this case. 
4) Based on the analytical findings, if an RC beam has not been designed originally with 
moment redistribution consideration, the chance for moment redistribution is usually 
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low after FRP strengthening of the beam. This is due to the fact that initial flexural 
stiffness might be almost constant along the beam, which limits the original capacity of 
the beam for moment redistribution. This also means that if a concrete beam has 
sufficient capacity for moment redistribution, the possibility for a significant 
redistribution of bending moment should not be ignored after FRP strengthening, even 
out of the strengthened zones. Nonetheless, it is obvious that if adding FRP causes the 
ratio of sagging-zone bending moment to hogging-zone bending moment remains 
more or less equal to the initial elastic ratio of sagging moment to hogging moment 
over the loading cycle, no redistribution of bending moments will be possible. 
5) The experimental findings demonstrated that anchoring the FRP can improve ductility 
of the retrofitted section, and increase the degree of moment redistribution 
considerably. However, the anchorage system must be adopted carefully, and applied 
adequately and appropriately. The inclined U-wrap anchors exhibited high 
effectiveness in CFRP plate strengthening material such that the ultimate strain in the 
FRP could increase from 0.35% to 1.2% in the T-beams, which caused up to 10% 
increase in moment redistribution compared with that of the unanchored beam. 
However, the adopted anchorage system (fan anchors) for the slabs performed 
inadequately so that no increase was observed in the ultimate strain in the FRP, and 
in the degree of moment redistribution, compared with those of unanchored slabs. This 
was due to the arrangement of the fan anchors for the specific type and number of 
layers of the CFRP sheet adopted for the strengthening scheme.  
6) Comparison between the T-series and U-series RC beams demonstrated that the near 
surface mounted (NSM) FRP strengthening technique exhibited a more effective 
structural performance than the externally-bonded FRP plate strengthening technique, 
with the ultimate strain being larger in the NSM FRP than in the plated FRP. This better 
performance of the NSM technique was valid even when the FRP plate was anchored 
mechanically. Hence, it is recommended that the NSM technique is considered when 
moment redistribution is a likely behaviour in design. 
7) The experimental and analytical findings indicated that strengthening of only the zone 
into which moment redistribution occurred was more effective than strengthening of 
both hogging and sagging zones together in terms of moment redistribution. In 
addition, these two strengthening configurations were more effective than the case 
when only the zone from which moment redistribution occurred was strengthened. 
However, failure was catastrophic in the case when both critical zones were 
strengthened together, compared with that of single-zone strengthening only, such that 
no residual capacity was observed in the beam after failure of the FRP. In fact, it was 
observed that the second-critical-zone FRP debonded suddenly and catastrophically, 
immediately after the first-critical-zone FRP debonded. 
8) A set of parametric studies was conducted to investigate the effect of different 
parameters on moment redistribution. These studies indicated that varying the 
compressive strength of concrete and yield strength of steel reinforcement does not 
play any significant role in increasing the capacity for moment redistribution such that 
the increase in the best case scenario may be less than 2%.  
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By contrast, changing the quantity of FRP and steel reinforcement can significantly 
modify the capacity of an FRP-strengthened RC beam for moment redistribution, such 
that the smaller the proportion of steel reinforcement, the higher the capacity for 
moment redistribution. Also, the smaller the stiffness and quantity of FRP in the zone 
from which moment redistribution initiates, the higher the capacity for moment 
redistribution, while the greater the stiffness and quantity of FRP in the zone into which 
bending moment is redistributed, the higher the capacity for moment redistribution.  
Furthermore, there are some other factors which might affect moment redistribution to 
varying degrees. For example, ultimate strain in the FRP plays an important role in the 
available degree of moment redistribution, such that moment redistribution capacity 
may differ by up to three times from a debonding strain of 0.4% to a rupture strain of 
1.8% in the FRP. Also, changing the position of the concentrated load can increase or 
decrease the degree of moment redistribution considerably, depending on the 
strengthening configuration and the quantity of FRP. In addition, the shape of a beam 
can have a positive or negative influence on the degree of moment redistribution. It 
depends highly on the loading arrangement and strengthening configuration of the 
beam.  
9) According to the parametric study conducted in this research, it is concluded that 
curvature ductility of an FRP-strengthened RC section is important and should be 
sufficient to ensure the minimum level of moment redistribution in such strengthened 
beams. However, further research is required to determine the minimum requirement 
for curvature ductility which can be generalised under all possible circumstances.  
10) In general, it is to be noted that it is not only the curvature ductility of an FRP 
strengthened section that is important in the capacity of a concrete beam for moment 
redistribution out of the strengthened zone, but also, the mode of failure, the strength 
of other critical zones, the ratio of flexural stiffness between the critical sections and 
the loading arrangement are important too. 
 
To summarise, moment redistribution in FRP strengthened RC flexural members has been 
investigated thoroughly in this research. The degree of moment redistribution has been 
quantified under different circumstances through an extensive experimental program, and 
its maximum possible quantity has been predicted through a set of comprehensive 
analytical studies. Accordingly, moment redistribution can be exploited reasonably in such 
structures. 
Moment redistribution into FRP-strengthened zones should be permitted without undue 
limitations. Moment redistribution out of FRP-strengthened zones should be permitted 
subject to the capability of the structure to perform such redistribution of bending moment 
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11.2 Recommendations for future work 
The ability of the new analytical model proposed in the current research in predicting the 
flexural performance of FRP strengthened RC members demonstrates its potential for 
further development. For example, the following recommendations are suggested for 
further work: 
 The analytical model could be developed and adjusted to quantify moment 
redistribution under various loading types and arrangements, such as multiple 
concentrated loads, distributed loads and/or a combination of both. Figure 11.1 
shows the proposed loading geometries schematically. 
 
 
Figure 11.1: Various possible loading geometries 
 
 
 Various beam geometries (i.e. beam spans) and strengthening configurations can 
be modelled by development of the analytical model, as depicted in Figure 11.2. 




Figure 11.2: Various possible beam geometries 
 The analytical model may be developed to reasonably predict the flexural behaviour 
of pre-cracked RC beams retrofitted using FRP materials. This is crucial as this is a 
likely occurrence in reality. 
 The analytical model could be easily modified to predict moment redistribution in 
FRP-reinforced concrete beams, instead of steel reinforced concrete beams. 
 As described in Chapter 3, debonding of FRP has been assumed theoretically to 
occur when the FRP reaches a typical strain of 0.8%. However, as TR55 describes, 
the primary cause of debonding of the FRP from the surface of concrete is the 
longitudinal shear stress induced at the interface between the FRP and concrete 
due to the applied loads. Hence, it is essential to investigate the effect of FRP 
separation failure for the purpose of design of FRP retrofitting schemes. FRP 
debonding can be induced by shear cracks, flexural cracks or concave irregularities 
of the concrete surface. Research has shown that FRP is less likely to debond from 
the concrete surface if the bonded area increases and/or the thickness of FRP 
reduces. The analytical model could be developed to establish the longitudinal shear 
stress along the bonded FRP/concrete interface. Thus, it could be checked whether 
the shear is within an allowable limit. This could be used to replace the crude 
‘debonding strain’ limit utilised previously. 
Referring to Figure 11.3, for each segment of the beam, the tensile force in the FRP 
may be found on either side of the segment (i.e. at sections i and i-1). The difference 
between the two gives the shear force which is being carried in interfacial shear 
between the FRP and the concrete, as shown in Figure 11.3. By knowing the 
dimensions of the segment and the attached FRP, the shear stress along the FRP-
concrete interface can be calculated as below: 
 




    ≤ 𝝉𝒂𝒍𝒍                                                                   Eq 11.2 
 
Where: 
𝑻𝒇𝒊 = Tensile force in section i; 
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𝑻𝒇(𝒊−𝟏) = Tensile force in section (i-1); 
𝒃𝒇 = Width of the FRP; 
𝒕𝒇 = Thickness of the segment; 
𝝉𝒂𝒍𝒍 = Allowable shear stress (0.8 MPa, as recommended by Ashour et al. (2004)). 
 
Figure 11.3: Calculation of longitudinal shear stress 
 
 An experimental investigation of moment redistribution in FRP-strengthened RC 
beams is recommended under dynamic loading for various strengthening 
configurations and loading geometries, which would aid understanding of the 
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